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Abstract. The paper concerns analysis of nonlinear vibration of the rotating systems consisted of rigid disks
mounted on the elastic massless shaft. The investigations are focused on their behaviour under the resonance
conditions. The analytical method of multiple scales in time domain is applied to the analysis of dynamics of
the system near main resonance. The transition phenomenon depending on the value of the nonlinearity

parameter is discussed.

1 Introduction

Torsional vibration belongs to major problems in design
of the power transmission systems. The dynamic stresses
caused by torsional oscillations, especially near
resonance when the amplitudes grow significantly, may
be very large and can lead to failure of the whole system.

Both discrete and continuous models are commonly
used in order to investigate the torsional vibration of the
power transmission systems [1,4,6].

The problem of vibration in nonlinear systems has to
be treated with due care. The numerical methods
commonly used in solving nonlinear problems do not
create the possibility of a synthetic regard on the diversity
of the dynamic behaviour of the systems. Some
surprising types of the vibrational motion may be not
detected when only the numerical methods are used. The
Multiple Scales Method (MSM) in time domain,
belonging to the asymptotic methods, not only allows
obtain the approximate solutions, but also gives the
possibility to exact investigate the influence of the
particular parameters on the motion. This method is
applied in the paper to solve the problem of torsional
vibration of the shaft on which the rigid disks are
mounted. The relationships, obtained in the analytical
form, between the amplitudes and phases of vibration at
resonance have been examined. Associating the MSM
with an interesting approach proposed by Manevich [3]
known as Limiting Phase Trajectory (LPT) Method
allows to predict the sudden change of the shape of the
amplitude modulation which appears in resonance at a
certain value of the nonlinearity parameter. A similar
approach, but based completely on the proposed by
Manevich formulation in the field of complex functions,
was applied to investigate the torsional vibration in the
system with one degree of freedom [5].
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2 The description of the system

Two rotating and vibrating systems presented in figure 1
are considered in the paper. The systems consist of two or
three disks fasten to the elastic shaft. The shaft is
relatively light, so its mass may be neglected. Elastic
properties of the shaft are nonlinear of the cubic type.
Therefore, two coefficients of stiffness, marked by K; and
Ky, are introduced for the j-th part of the shaft. Moreover,
viscous damping is taken into account, and C; for j=1,2
denotes the damping coefficient. The whole system is
mounted on frictionless bearings which are also ideal in
the geometric sense. One of the disks is under the action
of the harmonically changing torque M (¢) = M, cos(P¢) .
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Fig. 1. Model of rotating systems with a) two and b) three disks.
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3 Mathematical model

The systems have two or three degrees of freedom,
respectively. The rotation angles ¢, of the j-th wheels

are chosen as the generalized coordinates. The Lagrange
formalism is used to derive the mathematical model
describing the system.

The Lagrangian of the system in the most general
form is
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where /; is the moment of inertia of the j-th disk and N is
the total number of them.

The external excitation and damping effects are
included into mathematical model as the generalized
forces. The equations of motion derived from the
Lagrange equation of the second type are transformed
into dimensionless form.

In order to investigate the vibration, it is very
convenient to introduce the function describing the
internal motion i.e. the screw angle of the j-th shaft

Q=000 j=L..N-1. 2)

In this way we exclude from calculation the rigid rotation
of the shaft and further investigation concerns only the
vibrational effects.

The governing equation for the system with two disks
takes the form of the Duffing equation

$i(0)+¢,6,(2)+,(0) + e, ¢ (1) =m, cos pr. 3)
For the case with three disks the governing equations are

¢-1 +Cl¢l +4 "’0‘1¢13 _6273@ _73W2¢2 _a273¢23
=m, cos(p1),

&2 +02¢2 +W2¢2 "'0‘2¢23 _0171¢1 -7 _0‘17/1¢13 =0, (5

where  my=M,/(I k), sz/\/kT, c,zé,/\/kT,
73213/(13"'[2): 71211/(11"'[2): afzkfn/k17

(4)

w=k,/k, , dimensionless time z':\/l?1 t, and
kj =K+ 1)) s k= K (L + 15,0 /)
&, =C,(I,+1,.),I,,) forj=1, ..., N-1.

The equations (3) and (4) — (5) are supplemented by
the initial conditions

$,(0)=¢y,.4,(0)=,,,

where ¢,. and S,. are known values.
0 0/

j=lL.,N-1 (6)

4 Asymptotic solution

The initial value problems are solved in the asymptotic way,
using Multiple Scales Method (MSM) in time domain. Let us
assume that the system is weakly nonlinear and the
damping coefficient and the amplitude of the external
torque are also of order of the small parameter &

My —>ME, A, —> &A;E,C; —>C;E . @)

The assumed form of the asymptotic solution is as
follows

¢/(T)=¢/0(705f1)+5¢/1(f0:f1): ¥
where 7, and 7, are slow and fast time scales,

respectively.
The differential operators relating to these time scales
take the form

d 0 0
—=—tc—,
dr 0t, ot
2 2 2 (9)
d 0 )
s=—+12¢ +0(g J
drt~ 0Ot 07,01,

Then relations (7) —(9) are introduced into equations of
motion (3) or (4) —(5). In this way, the small parameter
appears in the model. After arranging the equation with
respect to the power of the small parameter, the equations
of the first and the second order approximation are
obtained.

4.1 Case | — shaft with two disks

The analysis is concerned on the case of the main
resonance, that occurs when p ~1. In order to consider
this case, the small detuning parameter o is introduced in
the form p=1+oc=1+¢&c .

After substituting (7) — (9) into Eq. (3) and arranging
it with respect to the powers of the small parameter & we
obtain

— the equation of order &’

BN,
?éo+¢01 =0, (10)

— the equation of order &'

2
aaqj;‘ + ¢, =m,cos(1+0571)) —
7y
5 (11)
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The solution of the first order equation (10) is introduced
into Eq. (11).

We are interested in the bounded solutions, so all
secular terms ought to vanish. Zeroing the secular terms
leads to the solvability condition
dA T ~ - L~ 1 ~ 7o
£+3a1A2(TI)A(TI)+zclA(Tl)=—moe e, (12)

dr, 2
where A(7,) is the unknown complex function.

It is convenient to express the function A(r,) by the
real-valued functions a(r,), w(r,) describing amplitude
and phase respectively

A(Tl):%a(rl )QW(T])- (13)

Taking advantage of relations (9) and (13), and
returning to the original denotations of the system
parameters, one can obtain
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dr dr 8
Separating in (14) real and imaginary parts, we can write

d 1
L —ca= ™ cos 0,
dr 2 2

(15)
—a—+ac-—a,a’ =ﬂsin9,
8 2

dr
where 0 = or —y is the modified phase. Equations (15)
describe the modulation of the amplitude @ and modified
phase 6.
Let us consider the non-damped vibrations (¢, =0).
In that case, the set of Eqs (15) has the first integral

2
H=—aﬂsin9+0'a——iala4=const, (16)
2 2 32

where the constant A depends on the initial conditions.
Equation (16) represents one-parameter family of the
curves on the plane (a, ). We are especially interested in
the case when maximal energy exchange between the
system and the external loading appears. This situation
takes place for H=0. In that case the first integral (16)
has the form:

~16m,sin@ +16ca-3a,a’ =0. (17)

It is easily to show that the curve given by Eq. (17) has

extrema for @=-n/2 and @=n/2. The qualitative

change in the behaviour of the system is observable for

the critical value of the nonlinearity parameter
B 640’

a, = .
© 8lm,

(18)

The trajectories on the plane (a, &) for various values of
o, are presented and discussed in details in paper [5].

When «; exceeds the critical value ¢, , the shape of

the amplitude modulation rapidly changes. The amplitude
modulation in time 7, obtained from Eqgs (15), is
presented in figures 2 and 3 for «; a bit smaller, and a bit

greater than o, .
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Fig. 2. Amplitude modulation for ¢, just below ¢, (o= 0.01,
my=0.002, ¢,, =0, B, =0).
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Fig. 3. Amplitude modulation for ¢, just above ¢, (¢=0.01,
my=0.002, gy, =0, S, =0).

The transition which occurs at ¢, indicates stepwise

change in the intensity of energy exchange between the

system and external loading.

4.2 Case Il — shaft with three discs

The procedure applied to solve the problem is in general
similar but more complicated to that one in the case I.

Now the equations of order £° reads

0’4,

52'(%0 +éo - 73W2¢20 =0,

& (19)
—éo + W2¢20 1o =0,

or,
and the equations of order &' are

0? ~ ~ 0
_¢;l +é - 73W2¢21 = —a1¢103 + a2y3¢203 -G %o +

oty 0ty
~ Oy, O |~
c —-2——+m,cos(pt,),

23 oz, 87,07, 0 cos(pT,)

(20)

0* ~

% + W2¢21(70571) -1, (t9,7) = 0‘17’1¢10(T0571)3 -
0

0y 0y, Oy

—-C, .
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The linear differential operator in Eqs (19) — (20) has two
different self-frequencies

~ 3 ~
by (70,71 + O,

_\/l+w2—\/1—2w2+w4+4w27/17/3 Q1)
w, = 5
2
o _\/l+wz+\/1—2w2+w4+4w27/17/3 (22)
, = .
2

The linear combination of the normal modes forms the
solution of the first order equations. It can be written in
the exponential form

b =4y (7, )eifum' + 4, (7 )e”“m2 +CC, (23)

1-? ;
;‘))22 A, (r)e™™ +CC, (24)

-} ;
By = ; Ay (7))e ™ +
W V3
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where 4 /.(z'l) for j=1,2 are unknown complex functions
and CC denotes the complex conjugate parts.

It is convenient to introduce the real-valued functions
a”(rl), l//lf(‘[l),j =12, similarly as in the previous
section (see Eq. (13)).

Let us consider the case p~ @, of main resonance.
The detuning parameter o is introduced in the form
pP=w,+0=0+60C.

The requirement of zeroing the secular terms in the
equations (20) leads to the modulation equation

d .
Ealj(f):Fj(albazacl5625W57/15735m0561) J :152 (25)

d .
EWU(‘[) = Gj(albazbclaczbwbylbyfum()aal) ] :152 (26)

where functions " and G can be expressed explicitly.
The amplitude modulation obtained from Eqgs (25) —
(26) are presented in figures 4 and 5.
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Fig. 4. The modulation of amplitude for ¢,,(7) related to the
first and second natural frequency (¢, =0.4, r, =0.15,
¢, =¢,=0.001y=057,y,=25,0=0.01, m;=0.001,
$0 =0, B, =0).
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Fig. 5. The modulation of amplitude for ¢,,(7) related to the
first and second natural frequency( o, =0.4, o, =0.15,
¢, =¢,=0.001y=057,y,=25,0=0.01, m;=0.001,
90 =0, B, =0).
The first mode vibration is connected with frequency w,

given in Eq. (21) and the second with frequency w, given
in Eq. (22).

5 Conclusions

Analysis of the nonlinear disks-shaft system has been
done using the asymptotical Multiple Scales Method in
time domain properly adopted to solve the problem.

The investigation has been focused mainly on the
non-steady vibration of the forced system near the
external resonance.

The main advantage of the asymptotic solutions
consists in achieving qualitative information on the
dynamics of the considered systems. The important non-
linear dynamical transition has been detected for the
critical value of the parameter connected with the spring
nonlinearity in the case with two disks. The amplitudes
modulation indicate the intensive energy exchange
between the system and external excitation.

The second of considered problems which concerns
the system reducible to the mathematical model of two
degree of freedom is significantly more complicated and
requires further studies. This model is strongly coupled
what requires to introduce some modification into the
classical formulation of the MSM. The eigenvalues of the
differential operator i.e. the wundamped natural
frequencies are determined in the paper. The modulation
equations for the amplitude and phase of the normal
modes in case of the main resonance are also obtained.
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