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Abstract: In a recent work, a discrete model for geometrically nonlinear transverse free constrained vibrations
of beams with various end conditions has been developed and validated via comparison with known results
corresponding to nonlinear vibration of clamped beams carrying a concentrated mass. It is extended here to
continuous beams carrying two or three concentrated masses at various locations and subjected to large
vibration amplitudes. The discrete model used is an N-dof (N-Degrees of Freedom) system made of N masses
placed at the ends of solid bars connected by springs, presenting the beam flexural rigidity. The large
transverse displacements of the bar ends induce a variation in their lengths giving rise to axial forces modelled
by longitudinal springs causing nonlinearity. The calculations made allowed application of the semi-analytical
model developed previously for nonlinear structural vibration involving three tensors, namely the mass tensor
m; , the linear rigidity tensor ky and the nonlinearity tensor by presenting the effect of the change in the bar
lengths. The addition of three concentrated masses studied here induces a change in the mass matrix. By
application of Hamilton’s principle and spectral analysis in the modal basis, the nonlinear vibration problem is
reduced to a nonlinear algebraic system, using an explicit method, developed previously for non-linear
structural vibration. This study shows that concentrated masses may be used for practical purposes to shift the
resonant frequency; if the three masses locations are appropriately chosen.

1 Introduction

Application of the discrete model developed in the work
[1, 2, 3] is made here to a Bernoulli beam carrying two or
three concentrated masses at various locations and
subject to geometrical nonlinear vibration due to large
transverse displacements. This model focuses on the
known physical phenomenon of the dynamic behavior:
the stretching of the beam induces nonlinearity. To
escape the occurrence of modal coupling, internal
resonance, bifurcation points and chaos, the amplitudes
considered here do not exceed the radius of gyration  of
the cross section of the beam with respect to the neutral

axis given by r=+/I/S, where S is the beam section
area and / is the quadratic moment of the beam with
respect to the neutral fiber (in the case of a rectangular
section, 7 is equal to the thickness of the beam divided
by V12). This study shows that the developed model may
be used to study successfully non-linear vibrations of
beams carrying many concentrated masses simply by
changing the mass matrix but without any change in the
linear and nonlinear stiffness tensors, corresponding to a
uniform beam defined in [1].

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution

License 4.0 (http://creativecommons.org/licenses/by/4.0/).

In addition, this discrete model may be very easily
adapted to the study of beams with variable cross
sections, with concentrated masses or stiffness, or with
discontinuities in the section, the stiffness or the material
properties.

2 Presentation and nomenclature

The studied model of a beam with three concentrate

dmasses M, M, and M, is shown in Figure 1:
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Fig. 1: Clamped beam with three concéntrated masses M, M,
and M,
Figure 2 shows the discrete system with N-dof considered

in the present application, consisting on N masses my, ...,
M+ my, oy My +mypy, o, Mg+ mg, ...,my connected
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by N+2 torsional springs and N+2 longitudinal tension
springs, considered in its neutral position.
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Fig. 2: Discrete system with several degrees of freedom (N -
dof), modelling a clamped beam with two concentrated masses

M, and M,

where the stiffness of the torsionals springs representing
the flexural rigidity of the beam is C, = 11;—1 . Equation

(1) determines the location coordinates of the three
masses:

X,
i=71+1 for s, t and ¢ 1)

N must be a common multiple of s, ¢ and q.

3 Dimensionless formulations

The following equations link the dimensional values to
the dimensionless ones (with an asterisk):
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concentrated mass M i M i .
% = Total mass of the beam _ m PSL i =soul (5)
where p is the density of the beam density, E the

Young's modulus, o le ratio of the concentrated mass i to

the total mass of the beam, and »; the non-dimensional

location of the concentrated mass i.

4 General form of the masses matrix in
the case of a beam with three
concentrated masses

The presence of the three masses in the nodes s, ¢ and g of
the beam induces changes of the s, /" and ¢™ diagonal

elements of the mass matrix. The matrix [m i ] of order
N-2 has the form [2]:

100 0 0
0 0 0

0 .. 0

(HN+H)a)

[m“} pSL|O 0 0 0
71 4| - (HN+)a) 0
0 .0
0 .. BN+g) 00
0 1 0
00 . 0 1
(6)

5 General form of the linear stiffness
matrix [ |

We consider the case where the masses do not change the
bending stiffness. The general form of the linear stiffness

matrix [klj} to take into account (of order N-2) is
unchanged, compared to that of a uniform beam. In the

case of a beam carrying masses it can be written as
follows [2]:

6 41 0 .
46 410 .
1 46 410
(N +1°EI| 0
[Koc(N—mJ:—B

0

1 4 6 4
01 4 6

(7
6 Results in the linear case for a beam
with two concentrated masses

The results obtained for N =49 are given in Table 1
Table 1: The first three natural frequencies of the discrete

system (N=49), fora; =1,7, =0 and different values of 7, 7,

0 0.1 0.2 0.3 0.4 0.5
s
s 1 5 10 15 20 24
. 0 0.9 0.8 0.7 0.6 0.5
't
t 49 44 39 34 29 25
cenl 22.37 2221 | 17.02 | 1235 | 9.95 9.16
disc 1
cenl 64.18 52.10 | 31.00 | 26.43 | 33.49 63.11
disc 2
cenl 125.65 78.65 | 64.81 | 99.52 | 115.53 | 94.97

disc 3

It is noted that when the masses are placed in the middle
of the beam, the first natural frequency decreases; this is
due to the shape of the first vibration mode which has a
maximum amplitude in the middle of the beam, while the
second eigenmode remains unchanged at this location
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since the form of this mode has a node in the middle of
the beam. Note also that when the masses are placed in
1/4 of the beam span, the second natural frequency
decreases until the value of the first natural frequency (for

n, =03 ;5 =0,7and 1, = 0; this is due to the shape of

the second vibration mode having three antinodes at these
locations of the beam.

7 Cases of non-linear vibration of a
beam carrying two or three concentrated
masses

It should be noted that the coefficients of linear rigidity
and non-linear tensors k; and by calculated in the

modal basis are different from those of a continuous
beam, because the transition matrix [® has undergone a

change, due to addiction of concentrated masses, as
illustrated in the following equations.

rﬁlj :(Dsl-@tjmst i,j=1.,N ®)

kKij =ogopkse i =LooN ©)

b ijkl :(/’si(/’tj(/’pk(/’qlbstpq i,j,k,0=1..N (10)

In the displacement basis, the nonlinear system is written
as:

3
[MI{y} + [K]{y} + 5 [BO)I{y} = {0} (11)

where [M], [K], and [B (y)] are respectively the matrix
mass, the linear matrix rigidity, and the nonlinear rigidity
tensor. It should be noted here that Equation (11)
becomes, if the non-linear term is neglected, identical to
the classical equation of linear modal analysis:

[M]{§}+[K]{y}={(0} (12)
The tonsorial form of the non linear energy V', is:
1
V=2 Y P (13)

Using the Pythagorean Theorem, we express the
nonlinear energy versus the characteristics of the beam
[1], see Figure3:

Fig. 3: modelling the tensile bars rigidity & = £5// and

calculating the nonlinear energy with neglecting horizontal
displacements

1 2
Using the known formula V,, = 5 ¥ (Al) | the nonlinear

ko
8

~

potential energy is deduced as Vn,

By the same approach, we calculate the nonlinear energy
for all of the bars (see Figure 4), which we compare to
the tonsorial expression to determine the coefficients of
the nonlinear stiffness tensor [B (y)] [1] (see equations
(14) to (17)).

Fig. 4 Discrete system zoomed in the neighbourhood of bar i

E
— = 2N +1)3—S3 i=1,..,N (14)
8L

bi (i -1)(i -1)(i-1) =P(i-1)i (i -1)(i-1) =
ES | (15)
b 1) -1)i (i-1) =bG 1) -1y -1)i = o3 2,...N

by =1y —1yi =P -1yi i1 =ba-1yi-Dii =i-1yii (i)

ES . (16)
=bi (i 1)i i 1) =i i 1) 1) =3 =2,...N

B
biii (i-1) =bii i1y =bi -1y =0y =3 i=2..N (17)

The other coefficients are equal to zero.

Our method consists on applying Hamilton’s principle in
the modal basis:

nl
2z, a)disc

5 é (V -T)dt =0 (18)

We obtain a system of nonlinear algebraic equations in
which time is not involved:

3qjajaybijir +2a; kir =2a; (cf,)’ mir =0 i,j.k,r=LN (19)

We used the explicit method presented in [4] in the
Modal basis to solve this equation: The explicit
formulation is based on an approximation which consists
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on assuming, when the first nonlinear mode shape is
under examination, that the contribution vector

{a}T = [ala2 ..... aN }Can be

T . .
{a} =[a152,,_5i €y :|Wlth g being small compared

written as

2 . .
to ar (a,6,=0 &ej6 =0 apge;~0 ). Neglecting in the

expression ¢ a .a, b; jkr of Eq. (19), which involves
rJ

k
summation for the repeated indices i, j, k the first, second
and third-order terms so that the only remaining term

a:blllr , leads to:
7 ol N2 352
(kj,—(a)disc) ml,-r)gj+§al b, =0 forr=2,.,N (20)

The contributions {aldisc & 52"'5N} in the modal basis
are calculated by [1]:
33—
~a’b
21 111r
™S B g fc :2, ..... ,N 21
& ((wnl )2m ) or T (21)

disc T T

The non linear frequency is calculated by:

nl 2
(@isc) =

(22)

After solving the equation in the modal basis, the
amplitudes are calculated in the displacement basis:

[Al Ay Ay, }T o] {al g &y gN} (23)

The amplitude is the maximum of (4; 4, .... Ay), and we
plot the dimensionless frequency curve as a function of
the dimensionless amplitude

1
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Fig. 5: Frequency curves according to the amplitude
corresponding to the discrete systems with N =49 dof, o; =1,
and (1m; =1, =nq =0.5; 2: n,=0.4, n,= 0.5 and 1y =0.6;
3:13=0.3,m;=0.5 and g =0.7; 4: n, =0.2, N = 0.5 and 14 =0.8;
5: ns=0.1, ;= 0.5 and 4 =0.9)

We note that when the three masses are in the middle of
the beam, stretching are important which increases the
nonlinearity.

8 Conclusions

The discrete model developed and validated in the
case of a continuous beam presented in [1, 2, 3], was
applied to beams with two or three concentrated masses.
Linear and nonlinear vibrations were examined. This
shows the effectiveness of this discrete model, its
formulation and the associated program for the study of
linear and nonlinear vibrations of a beam with
discontinuities in the distribution of masses. The
concentrated masses change significantly the beam
dynamic response.
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