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Abstract. Piezoelectric energy harvesting from a vertical geometrically nonlinear cantilever beam
with a tip mass subject to transverse harmonic base excitations is analyzed. One piezoelectric
patch is placed on the slender beam to convert the tension and compression into electrical voltage.
Applying the homotopy analysis method to the coupled electromechanical governing equations,
we derive analytical solutions for the horizontal displacement of the tip mass and consequently the
output voltage from the piezoelectric patch. Analytical approximation for the frequency response
and phase of the geometrically forced nonlinear vibration system are also obtained. The research
aims at a rigorous analytical perspective on a nonlinear problem which has previously been solely
investigated by numerical and experimental methods.

1 Introduction

Piezoelectric transduction for vibration-based energy
harvesting plays an important role for remote/wireless
sensor systems. This vibration-to-electric energy
conversion mechanism uses the ambient vibration energy
to power and/or to recharge such electronic components.
Usually, as in the case of resonance-based energy
harvesting, the piezoelectric effect is achieved by fixing
a cantilever beam with one or two piezoceramic layers
on a host structure and using single excitation frequency.
The piezoelectric effect converts mechanical strain
induced in the layers into an electric current generating
alternating voltage [1,2].

Requiring an energy harvester to harvest a reasonable
amount of energy when the excitation frequency is low
can be a difficult undertaking as the physical dimensions
of the devices are small. Maximizing the harvested
energy over a wide range of excitation frequencies is
achieved by implementing nonlinear structural systems
and using a double potential well function [3].

In this study, an inverted cantilever beam with
piezoelastic patch and a tip mass is mounted vertically
on an energy harvesting device and is subjected to
transverse base excitations. [4]

Applying the homotopy analysis method (HAM),
introduced by Shijun Liao [5], to the coupled
electromechanical governing equations of motion, novel
analytical solutions of the horizontal displacement
coordinate, of its amplitude and phase as well as the
output voltage are derived. The aim is to address the
subject of piezoelectric energy harvesting from a purely
analytical perspective emphasizing the capabilities of a
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first-order approximation of HAM to present highly
accurate closed-form solutions.
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Fig. 1. Inverted cantilever beam with tip mass on host structure
subject to transverse excitation [4]
2 Governing equations

The coupled electromechanical governing equations for
the beam-mass system are [4]

[N2I, + M, + pAN; + (pAN; + M,.N? +
NZI)V?] + (pAN; + M N? + N21)vv? +
0.V — 0,v%V = —(pAN, + M)z (1)

and

CoV +—+ 0,0+ 0,020 = 0 ©)
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subject to
v(0) =A4,7(0)=0andV(0) =0 3)

where v is the horizontal elastic displacement at the tip
mass, V is the voltage output of the piezoelectric patch, L
is the length of the beam, A is its cross-sectional area, p
is the mass density, E is the equivalent Young’s
modulus, I is the second moment of area, M, is the tip
mass of the beam, I, is its moment of inertia, 6; and 6,
are parameters for work done by the piezoelectric patch,
C, is its capacitance, R, is the load resistor and g is the
gravitational constant. The values of the parameters N;,
i=1,2,..,6,0, and 0, are given in Table 1.

For our analysis, we consider the time domain
between t = 1300s and t = 1500s to demonstrate
nonlinear dynamical characteristics of the steady state
region. First, we solve Eq. (2) to obtain a solution for V
as a function of v and ¥ considering when the tip mass
oscillates close to one of the equilibrium positions. The
amplitude of oscillation of the horizontal displacement is
very small (the velocity being even considerably
smaller), thus the expression containing v and v in (2)
can be approximated by a constant value. Substituting
the obtained solution expression of V into Eq. (1) we
gain a single differential equation dependent on v.
Finally, we substitute the solution of v into the
expression for V. Solving Eq. (2) we obtain

1
V(,v,t) = KC,R, (1 —e Cpth) 4)
where
K=— 917}+Ci2V217 (5)

For large values of t as considered here, the term
1

-t
e PRt becomes negligible (see values for C, and R;),
thus, in our case, Eq. (4) is simplified and reduced to

Vv, t) = —Rv(0, + 0,v%) (6)
Inserting Eq. (6) into Eq. (1) we have

C,V + Cov2 0 + C3uv? + Cyv + Csv3 +
02R,v + 26,0,R,vv* + 2R, 0v*
= CezoN%cos(2t — @) 7

where the constants C;, i = 1,2,..,6 are given in Table 1.
Note that, without loss of generality, we can introduce
the phase angle ¢ in the expression of the harmonic load
as a quantity to be determined. The solution derivation
uses the approach described in [6] for nonlinear
problems of forced vibrations.

Defining the variables

T =0t v(t) = Au(t) (8)

and inserting them into Eq. (7), we obtain

92%u(r)
C,AN? =

+ czAmZ%uz +

C,A30%u (%)2 + C Au + CoAPud +

2R AN + +20,6,R A0 =0 +

02R lAS.Q% 4 = F,cos(t) + Fysin(t)  (9)

subject to the initial conditions

6u(0)

u(0) = =0 (10)

with the constants F; and F, satisfying

F2 4 F2)5 = Co2,0%, 0 = tan—* (2 11
(Ff +F3) 6Zoil™, @ an (11)

F

3 Homotopy analysis method

The periodic solution to Eq. (9) can be expressed by a set
of base functions

{sin(mt),cos(mt) [m = 1,2,3, ...} (12)
such that
u(t) = Yoy (ay sin(kt) + Brcos(kr)) (13)

where ajand [, are coefficients to be determined. We
choose the initial guess as

Uy (T) = cos(1) (14)

which satisfies the initial conditions of Eq. (10). We
choose the linear operator to be

Llp(r,q)] = ("’ 2L+ 9, q)) (15)
with the property
L[D, sin(t) + D,cos (t)] =0 (16)

where D; and D, are constants of integration. According
to Eq. (9), we define the nonlinear operator

Np(x,9),4@)] = € A()2> T2L2 ¢
C,A(q)30? LLLD 2D bz, q)> +

€A @220 (r,0) (D) 1 €, 4@ (r, 9) +
CsA(Q)*$(,q)° + 67R,A(q) 2 22
+26,6,R,A(q)*2 2522 (7 D+
O2R,A(q)*2 2522 (7, q)* — Fycos(t) —
F,sin(T) 17)

where g € [0,1] is an embedding parameter, ¢ (7, q) is a
function of 7 and q, A(q) is a function of q. The zero-
order deformation equation is given by

(1 —L[p(r,q) —uy(7)]
= qcoH(@N[¢p(z,9), A(q)] (18)
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where ¢, # 0 is the convergence-control parameter and
H(7) a nonzero auxiliary function. Forq =0 andq =1
we have

(1,0) = uy(v), p(r, 1) = u(r) (19)
A(0) = 4,, A(1) = A (20)

Thus, the function ¢ (7, q) varies from the initial guess
Uy (1) to the desired solution as q varies from 0 to 1. The
Taylor expansions of ¢(t,q) and A(q) with respect to q
are

(T, q) = up(D) + Lmg un (M @™ (21

A(Q) =Ag+X5=14mq" (22)
where
1 0™¢(r,q)
u, (1) = ET‘;Q lg=0 (23)
1 9™A(q)
A = oo la=o (24)

Choosing properly the auxiliary function H(t) and the
convergence-control parameter c,, the series in Egs. (23)
and (24) converge when q = 1, such that

u(t) = up(7) + Linzq Unm (1) (25)
A=A+ 2n-14m (26)

Differentiating the zero-order equation (18) m times
with respect to g, dividing it by m! and setting g = 0,
the m™-order deformation equation is obtained as

L[um (T)_ Xmum—l_gr)] =
coH(@) R (Um-1,Am-1) (27)

subject to the initial conditions

1, (0) = 228 = ¢ (28)
where
tm={ 31 e
iy = {1t (D), 1 (D), . Uy (D),
Ap_1 = {AO,AI,..., m—l} (30)

o > 1 d™w[¢(r,g).4(q)]
Rm(um_l, Am—l) - (m-1)! dgm-1

lg=o (31)

For the nonzero auxiliary function to obey the rule of
solution expression and the rule of coefficient ergodicity,
we choose it to be

H(t) = cos (2kT) (32)

where k is an integer. It can be determined uniquely as
H(t) =1.

The general solution to Eq. (26) for m =1 is
derived to be

Uy (T) = Dysin(t)+D,cos(T) + YmUm—1(T) +

co Zl(m) (cmk cos((2k+1)T)+dpy  sin((2k+1)1))
1-(2k+1)2

(33)

where D; and D, need to be determined by the initial
conditions in Eq. (28).

For a first-order homotopy approximation (m = 1),
we obtain from Eq. (31) the right-hand side of the first-
order deformation equation (27) as

— re 3

Ry(fio, 4y) = (~C1A027 =2 C,430% +

2C,A30° + Ay +2C5A3 - Fy) cos(o) +

(—62R,A002 —26,6,R, 430 — 203 R,A30 —

Fysin(o) + (-1 C,A30° -1 C,430% +

20543) cos(31) + (—26,60,R, 430

EHZZRlA(S)) sin(31) — (E 922R1A(5).(2) sin(57) (34)
Enforcing the coefficients of sin(z) and cos(t) to be
equal to zero in order to avoid secular terms in the
solution expression, and using the conditions in Eq. (11),

we obtain the steady state solutions of the amplitude A,
and the phase ¢, respectively, as

[(—c14002 -2, 4302 + 2C,4307 + C, 40 +

3 3)° 2 1 3
20543) + (—67RA00 —26,6,R, 430
1

1 272
202R,430) ] = Cyz,0? (35)

1 36_192 5
— tan-1 ~0fR1AgN—561 6, RIAJN~C05 R1AQ0 (36)
¢ —C1A002-3C; 4302 +7C3 A302+CaAg+5C5 AT

Finally, solving the first-order deformation equation and
using Egs. (24) and (25), the first-order homotopy
approximation of v(t) becomes

nz
v(t) = Au(®) ~ Ao (uo (@) +w, () = 2 [(Z4, -
1 1 1
L A0 — 2 CAR0? + = CoA3 ) cos(@t) +
(—ialaleAm — Z O3RA5 —
—03R,A30 )sm(m) + = (CA302 + CA30 —
CsAD)cos(308) + (——9192R A0 -

= 02R43)sin(300) + (- 63R,A50) sin(500)| (37)
To obtain the solution for the voltage V, insert Eq. (37)
into Eq. (6) considering the steady-state solution for
large values of tas specified.

4 Discussion of results

The parameters for the beam, the tip mass and the energy
harvester are given in Table 1. The model parameters
were obtained from [4]. Due to the use of a double
potential well, the post-buckled response has two
equilibrium positions. The variation of the tip mass
allows for three cases corresponding to pre-buckled,
buckled and post-buckled responses. For our analysis we
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have chosen a value of 10.5g for the tip mass which lies
in the post-buckling region.

Table 1. Parameter values for the beam and energy harvester

Beam and tip mass Energy harvester
D 7850 kg/m? L, 0.028 m
E 210 GN/m? b, 0.014 m
b 0.016 m h, 0.0003 m
h 0.000254 m Ve -4x 10~>Nm/V
L=L; 03m Cp 51.4nF
1;—1 0.00004087 m* | R, 10° 0

Model parameters

0, -9.7703%x 10~ Ng 1.0592x 10*
0, -2.9146x 1077 N, 0.3669
N, 0.0680 C; 2.5738
N, 0.1090 C, 34.8460
Ny 0.9201 Cq 34.8460
N, 4.1123 C, 2.4244x 10°
N¢ 5.2360 Cs 3.3233x 107
Ng 112.7420 Ce 4.1182
N, 772.7215 Z, 0.016

Figure 2 and 3 show the nonlinear time response and
voltage output of the energy harvester for t = 1400 to
t = 1460, respectively. They demonstrate that the
output is considerably higher when the tip mass moves
between the two equilibrium positions rather than when
it is close to one of them. A value of ¢, = 1 was chosen.

0.6

0.4r

0.2

Horizontal tip mass displacement v(t) (10)(1)
(o]

1400 1420 1440 1460
Time t

Fig. 2. Nonlinear time response of the energy harvester

In Fig. 4 the normalized amplitude-frequency curve
is presented demonstrating the classical jump
phenomenon for hardening-type nonlinearity. With
respect to results obtained in [4], the outcomes are in
close agreement the main difference being that an
experimental result does not exhibit two coexisting
solutions simultaneously and therefore jump phenomena
in the amplitude-frequency curve may only be hinted at.

For the problem at hand, the standard simultaneous
application of HAM for two coupled differential
equations does not achieve unique solutions for the
amplitude A and phase ¢ of the horizontal displacement
v(t) since the number of zero terms required to avoid

secular terms in the final solution is greater than the
number of unknown parameters. By this approach the
amplitude of the horizontal displacement is derived to be
a function of the external excitation frequency () and at
the same time a fixed value independent from the
harmonic base excitation.

Voltage (x107)

5t a
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Fig. 3. Voltage output of the energy harvester

Moreover, zero initial conditions for the displacement
and velocity of the tip mass used for the numerical
analysis in [4] are not feasible when applying HAM, thus
at t = 0, the vertical beam is displaced by an amplitude
A to be determined. This is compatible with the beam’s
natural behavior.
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Fig. 4. Amplitude-frequency curve for values in Table 1
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