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Abstract. Instrumented indentation test has been used to determine material parameters with two different

sources of information. Based on the recent shape-manifold identification approach, we formally demonstrate,

in the scope of manifold, the non-uniqueness of the solution to the inverse problem based on load-displacement

curves. The identifiability is also compared for P-h curve and imprint mapping, highlighting the manifold’s abil-

ity to estimate the maximum number of independent material parameters that may be determined with a given

experimental setup.

1 Introduction

Instrumented indentation is a popular technique used for

the assessment of material properties. Fruitful research re-

sults have been reported [1–5] for a variety of materials,

such as metals, alloys, ceramic, concrete and bone, among

others. In a typical identification procedure, it is expected

that there exists a one-to-one correspondence between the

input pattern (usually the indentation curve, also called a

P-h curve) and the desired material parameters defining a

postulated constitutive law. Unfortunately, the indentation

problem is frequently ill-posed, and the existence of differ-

ent "sibling" materials with distinct material properties but

almost identical indentation behaviors has been reported

more than once [6–8].

The often used inverse method, employing Finite El-

ement (FE) simulation and optimization algorithms, tries

to estimate the material parameters by minimizing the

discrepancy between measured and simulated quantities.

However, the uniqueness of the solution still remains a

matter of discussion since different material parameter sets

may give almost identical indentation curves [7, 8]. There-

fore, it is of high interest to improve the reliability of

the inverse analysis by involving more information for

identification. Accompanied by the development of high-

resolution Scanning probe microscopy (e.g., Atomic Force

Microscopy (AFM)), [2, 9, 10] reported several methods

for assessing material properties, taking into consideration

not only the indentation curve, but also the residual imprint

measured with high precision and accuracy, such that ma-

terial’s unknown properties are evaluated in a much more

elegant manner in that more parameters are identifiable.

Other solutions, like adopting indenters with complex pro-

files (i.e., a dual sharp indenter), were also proposed to
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alleviate the non-uniqueness property of the identification

problem[11–13].

More recently, due to the significant development of

manifold learning algorithms and its applications in the

field of computational and applied mechanics, biomechan-

ics, and especially in material science[14–18], our most re-

cent work [19] recommended that the identification proce-

dure be carried out within a α-space constructed by using

only the residual imprint of an indentation test. The core

idea is based on the fundamental hypothesis that, there ex-

ists a low-dimensional space in which the original higher-

dimensional data could be embedded and the identification

is implemented over a manifold defined within the con-

structed shape space. The efficacity of this approach has

been demonstrated by successfully evaluating two harden-

ing properties of a piece of C100 steel and an AU4G alloy.

Regarding the remarkable advancements in material

characterization, to the knowledge of the authors, the num-

ber of parameters that can be probed by an instrumented

indentation test has never been systematically investigated,

despite the awareness of the presence of uniqueness. In this

work, we extend the aforementioned imprint-based man-

ifold identification approach to the measured indentation

curve to investigate the non-uniqueness phenomenon. In

addition, the manifold is also studied in order to obtain a

cursory estimation of the number of parameters that can be

identified.

2 Material characterization using manifold
learning

In our former work [19], we proposed an original approach

for evaluating diverse material properties solely based on

the residual imprint after withdrawing the indenter. This

information, usually high-dimensional, was not employed

 �  
 

 
 

 
DOI: 10.1051/matecconf/201MATEC Web of Conferences ,80 68010012

NUMIFORM  2016

 10012 (2016)

 © The Authors,  published  by EDP Sciences.  This  is  an  open  access  article  distributed  under  the  terms  of  the Creative  Commons Attribution
 License 4.0 (http://creativecommons.org/licenses/by/4.0/). 



in calculating the point-wise distance so as to characterize

the discrepancy between simulated and experimental mea-

sured quantities. Instead, we first seek a low-dimensional

embedded domain in which it can be described in a more

compact pattern. There is a common sense notion in the

community of signal processing that "Real life data does
not uniformly fill the space in which it is represented". In-

stead, their distributions are observed to concentrate to a

manifold (linear/non-linear) of lower intrinsic dimension-

ality.

admissible imprint
inadmissible imprint

Figure 1. Illustration of admissible/inadmissible imprints in a low

dimensional embedded space.

The manifold is generally problem-dependent. For an

indentation test, which is our case, the manifold connects

all of these simulated imprints together. As a consequence,

we are able to distinguish between admissible/inadmissible

shapes by referring them to the manifold. Generally, we

consider an imprint as admissible under the condition that

it is attainable by manipulating the parameter set c in a pos-

tulated constitutive law. Two admissible imprints s(i) and

s( j), as noted by solid circles in Fig.1, lie exactly on the

the manifold M. On the other hand, all of those imprints

outside the manifold may then be inadmissible, e.g., s(k),

marked by a round circle. It is worth noting that the ex-

perimental imprint sexp is inadmissible in consideration of

measurement noise and model error.

In practice, find the proper embedded system can be

done in various ways [18, 20, 21], and we adopted the Prin-

cipal Component Analysis (PCA), which is routinely used

in image analysis [22]. Note here, the embedded space is

a POD coefficient space, the origin of which is the mean

imprint s̄ of all these in the database, and its principle axis

are orthogonal basis derived from PCA. Thus the embed-

ded system is also called an α-space and the hyper-surface

an α-manifold. Their constructions were detailed in [19]

thus omitted here.

The identification procedure is quite straightforward in

the constructed α-space: find the parameter set that gives an

admissible shape s(c∗) on the manifold M which is closest

(minimum distance) to the experimental shape

c∗ = Argmin‖(αexp − α(c))‖, α(c) ∈ M, (1)

here αexp is the coordinate of the experimental imprint in

this shape space; the constraint α(c) ∈ M confines auto-

matically that the imprint shape should be an admissible

one. We summarize the complete manifold-based identifi-

cation processus as follows:

1. Create a database of imprints by a proper Design Of

Experiment (DOE) varying material parameters in a con-

stitutive law;

2. Find the embedded lower-dimensional space by PCA

and project the imprint database into the new system;

3. Interpolate a manifold in α-space and built a one-to-

one relationship between the design space and the point on

manifold;

4. Project experimental imprint on the manifold and iden-

tify material parameters referring to Eq.(1).

It is worth mentioning that the pair-wise distance be-

tween two different imprint shapes is transformed into a

single Euclidean distance in α-space.

3 Description of measured quantities by
indentation
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Figure 2. Characterization of different indentation curves.

The manifold-based identification approach does not

restrict itself to imprint mapping only. We can also con-

sider the obtained P-h curve as a special ’imprint’ since the

ultimate goal is to distinguish these curves/shapes one from

another.

Unlike imprint mapping, P-h curve is a multivalued

function and it makes no sense to compare the loading

phase of one curve with the unloading phase of another

in identification procedure, thus these two phases should

be properly separated. Take a typical indentation curve ob-

tained by a prescribed force as an example, the two parts

are characterized by the penetration depths at a series of
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Figure 3. A typical indentation curve described by the zero iso-

contour of a Level-set function.

given forces, noted by sl and su, respectively. Then the

whole curve is described by a vector which concatenates

the two, giving sc = [sl, su], guaranteeing the compara-

bility of different curves. For the case where a maximum

penetration depth is predefined, the same routine should be

followed except that we compare forces for different pen-

etration depths. For the latter, it should be noticed also

that the unloading part includes also the segment that over-

lies on the h-axis. Fig.2 illustrates the characterization of

the P-h curves obtained from two experimental set ups: (a)

prescribed force; (b) prescribed penetration depth. By con-

sequence, our manifold protocol can be extended to inden-

tation curve also, allowing for a comparison between the

identifiabilities of two source of information.

This concatenating description, while feasible, is setup-

dependent. Thus it is of great interest to describe the P-h

curve with an Eulerian representation, examples of which

may include pixel/voxel maps, and the more popular Level-

set approach which is first proposed in [23]. The basis

idea is the use of a background grid points and define the

Level-set function simply as the signed minimum distance

of these points to the curve. By convention, the distance is

positive if the point lies outside the curve while negative for

inside ones. As a result, the zero iso-contour describes the

boundary of the curve. A typical indentation curve which

is characterized by such method can be found in Fig.3.

4 Numerical examples

4.1 Forward analysis using FE

First, by adopting the same FE model used in our last

work [19], two databases, each containing 21 × 21 = 441

samples, were built up for indentation curves and imprint

mappings by simulations with various hardening parame-

ter combinations. The simulation parameters are equal-

spaced sampled from the design domain (n ∈ [0.2, 0.3],

σy ∈ [200, 240]) allowing a straightforward demonstration

of connectivity in embedded α-space.

The material hardening law is characterized by two pa-

rameters: elastic limit σy and hardening coefficient n, hav-

ing the form

σ = σy

(
E
σy

)n

εn. (2)

4.2 Identifiability analysis using manifold

In this section, the two database were employed separately

so as to detect the identifiability of P-h curve and imprint

mapping. It should be noticed that, the bellowing results

are obtained from purely numerical data, and the experi-

mental imprint is chosen from one of the 441 simulation

results and no noise is introduced.

Errors of identification criterions employing different

measured quantities are first included in Fig.4. Clearly, for

conventional point-wise distance error, the parameter sets

(σy, n) having almost the same minimal error are found in

a thin-long valley. This is highly consistent with the one

observed by [24]. Similar result is also obtained for the

imprint mapping.

On the other hand, by adopting the innovate identifica-

tion method referring to the manifold, the Euclidean dis-

tance between the measured quantities and the correspond-

ing experimental one is calculated. Its distribution is found

in the second row of Fig.4. To our delight, from the isoline

of the error, we probably yield a convergent iterative value.

However, in this situation, there is no way to guarantee that

the solution is a global minimal rather than a local one.

Similar result is obtained if we employ the same manifold

approach for P-h curves. Thus we would like to conclude

that, the manifold based method takes more advantage of

the origin measured data, while no clear difference is ob-

served for P-h curve and imprint mapping.

Moreover, since the manifold method interprets well

the measured quantities compared with conventional

method, it is of great interest to compare the two manifolds

constructed from P-h curve and imprint mapping respec-

tively. It is observed from Fig.5.(a) and Fig.6.(a) that both

the manifolds are thin and long, illustrating that only one

of the sensitivities with respect to the two parameters has

a significant value and the other is almost insensible. This

explain quite clear the reason why it is difficulty to identify

the two parameters simultaneously.

That said, slight difference are also observed for the two

manifolds. We noticed that the α-manifold of the imprint

shapes seems to expand along two directions despite its

long-thin property. Motivated by this, we consider to nor-

malize the α-coordinates of each embedded point in shape

space to bring the error sensitivity with respect to the two

parameters to a comparable level. The scaled α-manifolds

are given in Fig.5.(b) and Fig.6.(b).

Clearly, the scaled manifold proved that the imprint in-

terprets the material properties in the most elegant man-
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Figure 4. Comparisons of error distribution within different spaces employing different information sources.
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Figure 5. (a)Original manifold profile; (b) Manifold in normal-

ized α-coordinate system obtained from indentation P-h curve.

ner since the manifold has a dimensionality of 2, which

is right the number of parameters for the construction of

database. Also, similar with their distributions in paramet-

ric space, different imprints are embedded regularly in the

shape space (Fig.7 left), allowing the identification of the

parameter set. Contrarily, the embedding of P-h curve is

kind of disordered make it inappropriate for material charc-

terization.
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Figure 6. (a)Original manifold profile; (b) Manifold in normal-

ized α-coordinate system obtained from imprint mapping.

5 Conclusion

In this work, we demonstrated the identifiability of differ-

ent measured indentation quantities using a shape manifold

and observed that the residual imprint of an indentation test

outperforms the P-h curve during identification. In addi-

tion, the identification procedure based on the manifold has

the additional ability to estimate the maximum number of

identifiable parameters din, especially for those with a di-

mensionality din <= 3. This outstanding property of the
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Figure 7. Error distributions computed from scaled α-manifold.

manifold could provide valuable guidance for designing the

indentation test and choosing the quantities to be measured.

That said, for complex material law which involves

more parameters, the manifold can no longer be visualized.

Thus the quantitive estimation of intrinsic dimensionality is

of great necessity.
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