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Abstract. In this paper, a novel material model for anisotropic metals is proposed. Fracture prediction using the 
proposed model is based on stress-rate dependency related with non-associated flow rule in which an arbitrary order 
function for both the yield and plastic potential functions are used. In addition, an explicit formulation of the 
equivalent plastic strain increment that is plastic-work-conjugated with the equivalent stress is also presented. Then, 
fracture prediction analyses are conducted by using the 3D local bifurcation theory.  

1 Introduction  
Modern demand for material models is various and high 
level; therefore, more precise and physically valid 
material model has been required. Fracture prediction for 
sheet and bulk metal forming is one of such demands 
from industry and this paper focuses on it. To conduct 
reliable fracture prediction during metal forming, a 
material model that has high physical resolution should 
be constructed and used together with objective fracture 
criterion. For this purpose, a novel material model for 
anisotropic metals has been developed based on the non-
associated flow rule by the authors. This paper shows its 
outline and application on the fracture prediction problem, 
which has been carried out using the 3D local bifurcation 
theory.  

Most of the phenomenological plastic constitutive 
models are based on the framework called the associated 
flow rule, which is a type of normality rule having a yield 
function as its plastic potential function. In metal forming 
analysis, the use of the associated flow rule is not 
necessarily a best choice for anisotropic metals such as 
cold-rolled steels and aluminum alloys. In metal forming 
research, many material models have been studied to 
overcome such problems. The origin of the anisotropic 
material model is considered to be Hill's model [1]. This 
model was developed on the basis of von Mises's 
isotropic material model and is still frequently used 
because of its acceptable prediction results for most 
general metals.  

Many phenomenological yield functions have been 
proposed. For example, Karafillis and Boyce [2], and 
Barlat and Lian [3] presented yield functions for 
anisotropic metals. Most of their expressions are too 
complex to explicitly define the equivalent plastic strain 

increment, which is work-conjugated with the equivalent 
stress. This is because the yield function is used to 
express both flow stress anisotropy and deformation 
anisotropy. A few researchers have proposed material 
models based on the non-associated flow rule. Stoughton 
and Yoon [4] proposed a model based on the non-
associated flow rule that adopted Hill's quadratic yield 
function. Recently, Safaei et al. [5] proposed a model 
based on the non-associated flow rule that adopted 
Barlat's yield function [6]. These models include 
disadvantages of the original yield functions they made 
the basis; therefore, there remains difficulties toward the 
practical use of non-associated flow rule models. 

In this paper, a novel material model for anisotropic 
metals is proposed. The model is based on the non-
associated flow rule with arbitrary order function for both 
the yield and plastic potential functions. In addition, an 
explicit formulation of the equivalent plastic strain 
increment that is plastic-work-conjugated with the 
equivalent stress is also presented. Then, fracture 
prediction analyses are conducted by using the 3D local 
bifurcation theory.  

2 Material model  
In this section, the orthodox anisotropic plasticity model 
proposed by Hill, which is called Hill48 model in this 
paper, is briefly introduced first because its formulation is 
essential to our model. Then, the proposed model is 
introduced, which is a natural extension of Hill48 for 
arbitrary order functions and based on the non-associated 
flow rule. The definitions of the yield function, plastic 
potential function, and the plastic strain increment are 
presented. 
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2.1 Hill48 model 
 
To obtain a concise expression for the yield function, the 
following deviatoric stress vector s and flow stress 
anisotropy matrix A are introduced: 
 

s = s1,s2 ,s3 ,s4,s5 ,s6{ }
T

= sy − sz ,sz − sx ,sx − sy ,tyz ,tzx ,txy{ }
T
,
         (1) 
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where F, G, H, L, M, and N are Hill’s anisotropic 
parameters. Then, the yield function f(σ) is defined as 
follows: 
 

f (σσ ) = σ =
3

2(F +G +H )
sT ⋅A ⋅ s( )  ,              (3)  

 
where σ  is the equivalent stress. Using the plastic work 
conjugacy, the definition of the equivalent plastic strain 
increment can be explicitly obtained as 
 

dεP == 2(F +G +H )
3

B ⋅deP( )
T
⋅ A ⋅B ⋅deP( )  ,       (4) 

 
where deP is the strain increment vector. Here, the matrix 
B is an inverse matrix of a compliance matrix C that is 
obtained from the following flow rule relationship with a 
plastic multiplier dΛ: 
 

dep = ∂g(σσ )
∂σ

dΛ = C ⋅sdΛ .                   (5) 

2.2 Proposed model 

After the Hill48 model, many useful material models 
have been developed based on the associated flow rule 
and provided good results in some cases; however, the 
intrinsic problem was not solved. Namely, in an 
anisotropic sheet metal, the directions of yield stress 
evolution and plastic strain increment do not generally 
coincide; in other words, the shape of the yield surface 
and the plastic potential, which prescribes the direction of 
the plastic strain increment, do not match. If a yield 
function is devised to exhibit good agreement with yield 
stresses obtained from experiments, the representation of 
stress anisotropy will be achieved but that of deformation 
anisotropy will be lost. Therefore, the authors consider it 
is natural to adopt the non-associated flow rule to 
represent two different anisotropy independently [7]. 

Following the formulation of the above-explained 
Hill's anisotropic model, the proposed model is developed. 

A vector sm, which is a deviatoric stress vector with its 
components having powers of m, is defined. 
 

sm = s1
m,s2

m,s3
m,s4

m,s5
m,s6

m{ }
T

= (σy − σz )
m,(σz − σx )

m,(σx − σy )
m, τyz

m, τzx
m , τxy

m{ }
T

.

    (6) 

 
Using the same anisotropic matrix A as that in the Hill48 
model, the quadratic form sm·A· sm is obtained. This takes 
the form of Hill's second-order yield function with its 
components having powers of 2m. In the proposed model, 
we define the yield function f(σ) as being equal to the 
equivalent stress σ ; namely, the expression is 
 

f (σσ ) = σ =
3

2(F +G +H )
sm
T ⋅A ⋅sm( )2m  .             (7) 

 
This higher-order function preserves the form of Hill's 
quadratic yield function, that is, it contains the same 
anisotropic parameters F, G, H, L, M, and N. This feature 
is important because it is possible to construct a higher- 
order yield function by changing the power m without 
increasing the number of undetermined variables. 
Therefore, the burden of determining anisotropic 
parameters through numerous experiments can be 
avoided.  

In our non-associated flow rule, a function different 
from the yield function is adopted as a plastic potential 
function, which provides the direction of the plastic strain 
increment of the subsequent state of current stress. In this 
paper, the previously introduced function f(σ) is used as 
the yield function, and another function g(σ) that takes 
the same form as f(σ) but has different anisotropic 
parameters F*, G*, H*, L*, M*, and N* is adopted in the 
plastic potential function. In the expression, asterisks are 
used to distinguish f(σ) from g(σ). For example, the 
anisotropy matrix A is changed to A*, in which the 
original parameters F, G, H, L, M, and N are also changed 
to F*, G*, H*, L*, M*, and N*, respectively. To express 
another order of the function, the power variable n is used 
instead of m. Note that the parameters m and n are 
positive integer in this study. Thus, the plastic potential 
function of the proposed model takes the form of 
 

g(σσ ) = σ * =
3

2(F * +G* +H *)
sn
T ⋅A* ⋅sn( )2n  .        (8) 

 
In the next subsection, how to determine the both set of 
anisotropic parameters is described.  

From the definition of the plastic work, an explicit 
expression for our equivalent plastic strain increment is 
obtained as 

 

dεP == nσ
*n

σ
2(F * +G* +H *)

3
Bn
* ⋅deP( )

T
⋅ A* ⋅Bn

* ⋅deP( ) .      

(9) 

2.3 How to determine anisotropic parameters 
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The main disadvantage of the non-associated flow rule 
models would be the increase in the number of unknown 
variables. Usually, these variables can be specified from 
experiments such as tensile tests; therefore, the use of the 
non-associated flow rule model leads to an increased 
burden of experiments and measurements. In addition, if 
a higher-order function is required, the burden increases, 
making this approach impractical. Thus, to enjoy the 
benefits of the non-associated flow rule model, an 
increase in the numbers of unknown variables should be 
avoided, and this is achieved with the proposed model.  

The plastic anisotropy characteristics of materials 
are classified into two categories; namely, plastic flow 
stress anisotropy and plastic deformation anisotropy. The 
former and latter should be incorporated in the yield 
function and the plastic potential function, respectively. 
Consider cold-rolled metal sheets under a plane stress 
state. Under the plane stress condition, the number of 
variables is halved. The anisotropic variables that must be 
determined are F, G, H, and N and F*, G*, H*, and N*. 
The former set expresses the yield stress anisotropy and 
the latter set expresses the deformation anisotropy. 

The parameters about stress anisotropy, F, G, and H, 
are determined by the yield stresses that are obtained by 
tensile test in rolling direction, transverse direction, and 
equibiaxial test. The parameters about deformation 
anisotropy, F*, G*, H*, and N*, are determined by the r-
values in the direction of rolling, diagonal, and transverse. 
The remaining parameter N is determined by 
optimization using the tensile test data in the diagonal 
direction. Note that the order of the functions, m and n, 
should be determined before these anisotropic parameters 
are determined because these values specify the function 
type, and have own physical meaning different from the 
anisotropic parameters.  

3 Fracture prediction theory  
In this section, three key theories adopted in this study 
will be briefly explained. These theories have been 
proposed by Ito et al. [8]. The proposed material model 
explained in the previous section is combined with these 
theories. 

3.1. 3D local bifurcation theory  

Based on Hill’s general bifurcation theory, bifurcation 
occurs at when the following condition is satisfied. 
 

I Δv⎡
⎣

⎤
⎦ = ΔL : Δ �S dV∫ = 0  ,                     (10) 

 
where v is velocity field, L and �S are velocity gradient 
tensor and 1st Piola-Kichhoff stress tensor rate, 
respectively. �S can be represented by the Cauchy stress 
tensor σσ as 
 

�S = D : �εε + σ tr(L)+ ω ⋅ σ − σ ⋅ ω −L ⋅ σ = A : L ,   (11) 

 

where �εε , ω, D are  strain rate tensor, spin tensor, and 
tangent stiffness tensor, respectively. And A is a fourth 
rank tensor that relates the nominal stress rate �S  and 
velocity gradient tensor L. To characterize the bifurcation 
mode, the velocity gradient tensor is allowed to be 
discontinuous when the velocity gradient tensor crosses 
the bifurcation border Γ. L can be represented by the 
normal vector n on the bifurcation border and the local 
deformation mode vector m that is normal to n 
 

L =m ⊗ n  .                               (12) 
 
Moreover, the mode vector m can be decomposed into 
three different vectors. Note that the vectors m and n are 
different from the parameters in the yield and plastic 
potential functions. Substituting Eq. (11) and (12) into 
(10), we have 
 

I m,n;σσ⎡
⎣

⎤
⎦ = hH m,n;s⎡

⎣
⎤
⎦ − σ Σ m,n;s⎡

⎣
⎤
⎦  ,         (13) 

 
where h is a hardening rate and the first and second term 
of this formula are described as 
 

H m,n;s⎡
⎣

⎤
⎦ =m ⋅n ⋅D(s) ⋅n ⋅m  ,                (14) 

 

Σ m,n;s⎡
⎣

⎤
⎦ =

1
2
m ⋅ s ⋅m −n ⋅ s ⋅nI⎡
⎣

⎤
⎦  .            (15) 

 
In an elasto-plastic material subjected to large strain, 
ignoring elastic deformation, the tangent stiffness tensor 
can be assumed to be proportional to the hardening rate h. 
Under this assumption, the tangent stiffness tensor can be 
represented with the polar decomposition form.  
 Then, the current stress is represented by 
 

σσ = σs, σ = σ : σ , s = σ /σ  ,           (16) 

 
where σ  and s are the norm of the current stress tensor 
and normalization tensor which gives stress ratios for 
each stress component, respectively.  
 Based on these relations, we finally have the 
following local bifurcation criterion. 
 

σ
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⎦
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⎜
⎜

⎞

⎠

⎟
⎟

 .                       (17) 

3.2 Ito-Goya’s plastic constitutive model  

Local bifurcation brings abrupt change on the current 
strain rate direction. Since the classical J2 theory does not 
allow the rotation of the strain rate direction caused by 
the subsequent stress rate direction, it is not appropriate 
to the bifurcation problems.  Therefore, in this study, Ito-
Goya’s plastic constitutive equation is applied, because 
this model can take the dependency of the strain rate 
direction on the stress rate direction into account. In this 
study, the revised Ito-Goya’s plastic constitutive equation 
represented as follows was used. 
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dεε p = Λ(nF : lp) d ′σ KCdl + (1 −KC )nN⎡

⎣
⎤
⎦  ,           (18) 

 
where nN is an unit tensor called natural direction. This 
tensor indicates the direction of the deviatoric stress rate 
d ′σσ  that is identical to that of the plastic strain rate. The 
other terms introduced in this equation can be defined as: 
 

nF =
∇σ(σ )
∇σ(σ )

, nN =
∇σ* (σ )
∇σ* (σ )

, l = d ′σ

d ′σ
, l p =

′σ

′σ
.  (19) 

 
In Eq. (18), the parameter KC, which takes a value 
between 0 and 1, shows the dependency of the direction 
of the strain rate on stress rate. When KC is equal to 1, the 
Ito-Goya’s constitutive equation becomes the J2 flow 
theory.  

3.3 Evaluation of sheet formability  

The bifurcation criterion represented by Eq.(17) indicates 
that the local bifurcation, which is specified by the mode 
vectors m and n that are based on the current stress ratio 
tensor s, should be identified by the ratio σ / h  that 
means the ratio of the stress level to the work-hardening. 
In another words, the formability represented in the 
σ / h  plane is completely free from the strain path 
dependency that is usually observed in a typical FLD 
(Forming Limit Diagram) represented in strain space. 
Mechanically, stress σ  means the intensity of fracture 
initiation, and the hardening coefficient h means the 
material’s resistance against fracture. Therefore, 
exhibiting FLDs on the σ / h  plane is mechanically 
reasonable.  
 The fracture limit lines in this FLD show both the SR 
(Stören-Rice) limit and 3D local bifurcation limit. The 
typical bifurcation that leads to final fracture would be lie 
between the lower bound represented by the SR limit and 
the upper bound represented by the 3D local bifurcation 
limit. 

4 Fracture prediction analyses  

In this section, the effect of the orders of the yield 
function and the plastic potential function in the proposed 
anisotropic plastic constitutive equation on the fracture 
prediction is numerically investigated. Using the 
constitutive relation in Eq.(18), assuming proportional 
loading, integrations on the stress increment is carried out 
from zero value with variable stress ratio α = σ 2 / σ 1 . 
The stress ratio α  takes values between 0 and 1, which 
means the stress state changes from uniaxial to equi-
biaxial via plane strain state. For each stress state, the 
functional I can be calculated, whose sign is available to 
judge the 3D local bifurcation criterion.  
 A virtual material is used for this analysis. Its 
material properties are as follows; 
 

σ = 500(εP )0.2, KC = 0.2  .                    (20) 
 
The calculation results are shown in Figures 1 and 2. In 
these figures, the SR limits and 3D limits, calculated for 
each stress ratio, are plotted as upper lines and lower 
lines, respectively. Note that the calculated values 
indicate necking initiation based on each theory and we 
regard these values as potential onset of fracture. Since 
the purpose of this analysis is to investigate the effect of 
the order of the proposed yield and plastic potential 
functions on fracture prediction, an isotropic material is 
assumed in these calculations. When anisotropy is 
assumed, the shape of the yield and plastic potential 
function differs, which would affect the calculation and 
bring more complicated results.  
 First, the order of the plastic potential function n is 
fixed to 2, and that of the yield function m is varied as 1, 
2, 3, and 4. The result is shown in Fig.1. It can be 
observed that the increase in the order of the yield 
function did not affect each fracture initiation predicted 
by both the SR theory and 3D theory; in other words, all 
the fracture limit curves coincided. We considered this 
result as follows: the order of the yield function affected 
both the stress σ and hardening ratio h; therefore, the 
effect of the order was offset and the fracture limit curves 
became the same.  
 

 
 
Figure 1. Predicted fracture limits for varied yield function’s 
order; n=2, m = 1, 2, 3, and 4. 
 
 Second, the order of the yield function m is fixed to 2, 
and that of the plastic potential function n is varied as 1, 2, 
3, and 4. The result is shown in Fig.2. In contrast to the 
first case, the predicted fracture limits in uniaxial, plane 
strain, and equi-biaxial directions are identical for any n; 
however, deteriorations are observed at in-between 
regions. The reason is assumed that the natural direction 
in Eq.(18) becomes identical in these directions for each 
n value, which resulted in these fracture limit curves. 
Especially in plane strain direction, the higher-order 
plastic potential function brings relatively flat shape in 
this direction, which could be the reason for flat shape in 
the fracture prediction curves.  
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Figure 2. Predicted fracture limits for varied plastic potential 
function’s order; m=2, n = 1, 2, 3, and 4. 
 
 Some mechanical characteristics are revealed through 
these simulations; however, there are many issues to be 
verified and considered because the effect of separation 
of the yield and plastic potential functions on the fracture 
limit prediction have never been sufficiently investigated 
before this research. It seems apparent that this approach 
will bring deep insight into the material behaviour in 
large deformation and near the fracture mechanism due to 
its considerable physical resolution; therefore, more 
effort should be paid to numerical and experimental 
investigations for this model. 

5 Conclusions 
A novel material model for anisotropic metals is 
proposed. The proposed model is based on the non-
associated flow rule with arbitrary order function for both 
the yield and plastic potential functions. In addition, an 
explicit formulation of the equivalent plastic strain 
increment that is plastic-work-conjugated with the 
equivalent stress is also presented. Then, fracture 
prediction analyses are conducted by using the 3D local 
bifurcation theory. Numerical simulations of the 
proposed model are conducted with virtual material data. 
Physically reasonable results were obtained by these 
analyses. 
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