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Stochastic Subspace Method for Experimental Modal Analysis
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Abstract. The formula of stochastic subspace identification method is deduced in details and the program is
written out. The two methods are verified by a vibration test on a 5-floor rigid frame model. In this test the
gauss white noise generated from a shaker table to simulate the ambient vibration on the model, and the
response signals are measured. Next, the response data of experiment are processed by auto-cross spectrum
density method and stochastic subspace identification method respectively, the two methods are verified by
comparing with the theory result. and bearing out the superiority of stochastic subspace identification method
compared to auto-cross spectrum density method.

1 Introduction

M ,C , K are mass matrix, damping matrix and
stiffness matrix respectively; U (t ) is structure
displacement vectorˈ F (t ) is force vector; B is place
vector; u (t ) is function of time.

where,

Parameter identification is the emphasis of the structural
healthy test, and stochastic subspace is an effective
structural modal parameter identification method, its
advantages are as follows:
Parameterization: From data fits, obviously, system
identification arithmetic requires stated specific
parameters. Only parameter required the rank number of
the system in the subspace identification arithmetic as the
application of state space model. But classical arithmetic
needs a lot of work to confirm alleged canonical model,
as the model of minor parameter number.
Convergence: Subspace identification arithmetic
converges fast. QR decomposition and SVD
decomposition used in the method are not required
iterative operations, so its convergence is faster than
classical arithmetic and usually the convergence question
doesn’t exist in this method. This mathematics comes
from value linear algebra, so value stability is guaranteed
exactly. So convergence and value stability need not be
considered.
Model curtailment: As operating system analysis, as
soon as possible, low rank number is always wished to be
obtained. In the subspace identification, Curtailment
model can obtain from I/O data,it doesn’t need to
calculate the model with high rank.

Assuming the input is stochastic white noise (gauss
distribution). The state equation can be written in time
discretization form as:
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state vector; n is system rank,
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is output vector of k sampling step

at the 1st measuring point, x k 䌜 R
l×n

δ pq
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is system

is state matrix,

is output matrix; E is the mathematics

expectation, δ pq is Kronecker function, wk 䌜 R

n×1

is

v k 䌜 R l×1 is measuring noise; wk ˈ v k
are white noise, and E (wk ) = 0 , E (vk ) = 0 .
process noise;

2 System stochastic state space model
[1]

The equation of systemic vibration can be expressed as:

08(W ) + &8 (W ) + .8 (W ) = ) (W ) = %X (W )

(1)

3 Stochastic state subspace parameter
identification theory [2-4]
In ambient vibration tests, sometimes more measuring
points are required, but the number of sensors is limited,
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the procedure is divided into several steps. In order to
unify each measuring step, the reference measuring
points are important and must be selected previously. The
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locations of sensors on the reference points must be fixed
and data must be recorded continuous. Defining the
matrix Hankel block as:
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Using QR decomposition to Hankel matrix:
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According to theory of the space projection, the orthogonal projection is expressed by:

Oi 

where,
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(

T
Ypast is orthogonal projection of Y future ’s row space on Ypast ’s row space; YpastYpast

)

1

is Mooreˉ

Pseudo inverse matrix of Ypast .
The velocity of the programmer’s operation is increased by using QR decomposition.
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S2 is not equal to zero; But S2 is smaller than S1, so

are orthogonal
,

U 2 S 2V2 can be ignored and the aim result of the noise

V T V  VV T  I j , S  R il j is a diagonal matrixˈ

is achieved
According to the subspace system identification
theory[5,6], projection matrix Oi is also equal to the

matrixes,

and

satisfy

U T U  UU T  I il

and row full order in the condition of common noise
disturbance, but there are several obvious ‘broken points’
for the element sizes on the diagonal, the system rank can
be obtained from the number of the diagonal elements
before the ‘broken point’.
SVD is widely applied to solving the problem of main
component analysis, for a set of signal from some system

product between generalized observable matrix C and
non-steady Kalman filer estimation
sequence

X̂ i of the state

Xi :

 C 
 CA 
Oi  
 xˆi xˆi 1  xˆi  j 1  i Xˆ i (8)
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structure, U 1 S1V1 contains main information of the



T

signal, and U 2 S 2V2 contains secondary information of
the signal, and which is considered as the noise of the
signal. If the system isn’t polluted by noise, S2 is equal to
zero. But in fact, the noise disturbance is unavoidable, so
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The main purpose of Kalman filter is to obtain future
state vector by optimization forecast based on fore-passed
state vectors (output data before the time k), system
matrix and noise covariance Γi is obtained by SVD

Eigenvalue decomposed by System matrix A is as
follows:

using Hankel matrix.

where, Λ = ding λm 䌜 R
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(m = 1,
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2, , n);

λm is eigenvalue of discretion system, Ψ 䌜 R n×n is

(9)

systemic eigenvector matrix.
Generalized observable matrix is calculated by SVD.
To obtain systemic generalized observable matrix, SVD
is done to projection matrix. The mention is row full
order commonly in the condition of noise disturbance,
but there are several obvious ‘broken points’ on the
element sizes on the cross, the systemic rank number can
be obtained from the cross elements’ number before the
‘broken point’ . SVD decomposition is widely applied to
solving the problem of main component analysis. a set of
signal from some system structure, contains main
information of the signal, and secondary information of
the signal is considered as the noise of the signal.
Matrix A and C are obtained by generalized observable
matrix: the following equation can be obtained by the
equation (7):

C  i 1 : l , :

(10)

A  i 1 : il  l , : i l  1 : il , :

(11)

The relation between the eigenvalue and the nature
frequency¹, damping ratio§ is as follows:

!ci , !ci    i
*

D

(13)

The nature frequency of the system is:

ω
c
ωi = λi , fi = i
2π

(14)

where, (Ğ i)R is real part of Ğ i.
D

D

As the mode shape of the measuring point is observed
from eigenvector of the system. The mode shape of
nature equation can be written as:

#  C

[Γ (1 : il

l ,:)]* üüfake inverse matrix of Moore ˉ
Penrose of foregoing (i-1) row block of Γi ˗
Γi (l + 1 : il ,:) üülater (i-1) row block of Γi .
Systemic dynamic characteristics are divided by the
eigenvalue and eigenvector of system matrix A. The
purpose of the paper is only to indentify three mode
parameters of the system: nature frequence, damping
ratio and mode shape, which are only related to system
matrix A and observable matrix C. So it is enough to
calculate A and C, and the stochastic subspace is ignored
here.
10 ]

(15)

The MATLAB procedure chart of stochastic subspace
method is as follows (Fig. 1):
For the determination of model order, and for the
decomposition of spectrum mateices. In theory, the
number of non-zero singular value is rank of spectrum
matrix, the order of the model. but in fact,spectrum
matrix is obtained by actual test data. More or less it
contain noise in actual test, and it result that singular
value in the matrix is not really zero. Singular value can
produce sudden drop, but fell sharply before the singular
value can be thought of as order of the model.

i

̚

1   i2

D

Γi (1 : l ,:) üüfirst row block of Γi ;

4 Structure mode analysis[7
procedure

i

where, (Ğ i)* =Ğ i is the conjugate form.

*

where,

"j

i

5 Data processing with stochastic
subspace method compared with the
results of FEM

and

The natural frequency from finite element analysis
is as follows (Table 1):

Table 1. Natural frequency from finite element analysis
Order of the element

1

2

3

4

5

6

Natural frequency˄HZ˅

10.825

30.091

37.889

54.234

67.953

70.632

The mode shape from finite element analysis is as follows:

3
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The time course of the experimental data from the data read into
the direction of the data concerned.

To the trend of the data pre-processing.

Confirm the number of rows of data blocks 2I.
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Figure 1. MATLAB procedure flow chart
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Figure 2. The first modal shape

Figure 3.The second modal shape

Figure 4.The third modal shape

Figure 5. The first modal shape

Figure 6. The second modal shape

Figure 7. The third modal shape

direction of a torsional stiffness, 4 vibration mode,
respectively, for small united of the bending direction of
2 plus a small distortion torsional stiffness of 1 direction ,
2 torsional united model for the small plus small
distortions in the direction of 3 united of the direction of
a torsional type.
It is very close that the results are obtained by the
finite element analysis and the stochastic subspace
method, and it proves that the stochastic subspace method
is reliable.
The test data of Hankel Matrix is processed by the
stochastic subspace method, and the modal parameter is
identified. Then the results are compared with the finite
element analysis, and it shows that the stochastic
subspace method is available.

The number of the row block of Hankel Matrix is 200
when the data is processed by the stochastic subspace
method. As the calculation capacity is limited, only the
data of the first 5000 discrete point is used in x and y
directions. The 4 nature frequencies in x direction and the
2 nature frequencies below 100 Hz in y direction, listed
in table 1. The first 6 mode shapes by stochastic subspace
method list as follows:
1,3 modal shapes are without bracing the x direction
(the direction of small united) of a bend, two bends(2nd
bends), bending vibration mode 3 plus bracing for the ydirection (the direction of large bending rigidity) of a
bending vibration mode, 2 ǃ6 vibration mode for the
direction of a small twist twisting stiffness, torsional type
2, five vibration mode for the large distortions in the
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Table 2. Result of modal analysis
Finite element
method
Order

cross-spectral method

Random subspace˄SSI˅

Natural
frequency
˄Hz˅

Natural frequency
˄Hz˅

Frequency
error˄ˁ˅

Damping
ratio
˄ˁ˅

Natural frequency
˄Hz˅

Frequency
error
˄ˁ˅

Damping
ratio˄ˁ˅

1

10.825

10.90

0.69

0.61

10.9612

1.26

0.6527

2

30.091

29.85

0.80

0.27

29.8193

0.90

0.4354

3

37.889

37.95

0.16

0.34

37.6066

0.75

1.0480

4

54.234

—

—

—

54.6168

0.71

0.4936

5

67.953

65.55

3.54

1.18

65.7421

3.25

1.0483

6

70.632

70.45

0.26

0.19

70.4692

0.23

0.3650

6 Conclusions
5.
The indentified nature frequences by self mutual chart
method and stochastic subspace method are close to the
theory resultand identification precision satisfies the
request. It shows that the two methods are effective.
The first six modals can be identified by stochastic
subspace method, but cannot by self mutal. It shows that
the test is successful and stochastic subspace method is
more excellent than self mutual chart method. Stochastic
subspace method can be used in dense mode
identification broadly.
The results obtained by the two identification methods
are very close, and it proves that the two methods are
reliable. Although self mutual chart method is a
traditional graphic method and has some shortcomings. It
can identifies accurately the first several nature
frequencies by data’s reasonable adding window and fit.
So the identified result by self mutal chart method has
great reference value. And the self mutual chart method
can be a supplement to the stochastic subspace method
for its convenient.

6.

7.

8.

9.

10.

References
1.

2.

3.

4.

Zhifang Fu, Vibration modal analysis and parameter
identification. Mechanical industry publishing
company Beijing (1990)
Hui Wang, The application of modal analysis in
damage detection of pipeline.Thesis of the master
scholarship in DaLian university of science and
engineer (2009)
Michael Döhler, Xuan-Binh Lam, Laurent Mevel,
“Uncertainty quantification for modal parameters
from stochastic subspace identification on multisetup measurements,” Mechanical Systems and
Signal Processing, April (2013)
Loh, Chin-Hsiung; Liu, Yi-Cheng; “Stochastic
subspace identification for output-only modal
analysis: accuracy and sensitivity on modal
parameter estimation”, Sensors and Smart Structures

11.

12.

13.

6

Technologies for Civil, Mechanical, and Aerospace
Systems, Proc. of SPIE 7981(2011)
B. Peeter, G. De. Roeck. Reference-based Stochastic
Subspace Identification for Output-only Modal
Analysis. Mech. Syst. Sign. Proc, 13 6:855~878
(1999)
Van Overschee P, De Moor B. Subspace
Identification
for
Linear
Systems.TheoryImplementation-Applications. Kluwer Academic
publishers, Dordrecht,The Netherlands, 36~54(1996)
B. Peeters. System Identification and Damage
Detection in Civil Engineering. PhD thesis.
Department of Civil Engineering, Katholieke
Universiyt Leuven, Belgium, 12 1~10 (2000)
Tao Guoquan, Wei Yuchen, Lü mingyun, Wu Zhe,
Modal tests and properties analysis on truss structure
of large scale carbon fiber Journal of Beijing
University of Aeronautics and Astronautics 37 3
(2011)
Zhang Guo-wen, TANG Bao-ping, MENG Li-bo,
Improved
stochastic
subspace
identification
algorithm based on eigendecomposition.Journal of
Vibration and Shock 31 7 (2012)
Sung-Han Sim B.F.Spencer Jr. ZHANG Min XIE
Huicai Sung-Han Sim B.F.Spencer Jr. Distribution
modal identification based on stochastic subspace
methodˈJournal of Shenzhen University (SCIENCE
& ENGINEERING) 26 4 (2009)
Baoping Tang,Guowen,Libo Meng,Model energybased distinguishing spurious modes obtained from
stochastic
subspace
identificationJournal
of
HuaZhong
University
of
Science
and
Technology.NATURE SCIENCE 40 3 (2012)
Zhiyuan Yao, Fengquan Wang, Yan Liu, Stochastic
subspace identification method based on continuous
model for modal parameters of engineering
structures Journal of Southeast University
(NATURAL SCIENCE EDITIO. 34 3 (2004)
Michael Döhler, Xuan-Binh Lam, Laurent Mevel,
“Uncertainty quantification for modal parameters
from stochastic subspace identification on multisetup measurements,” Mechanical Systems and
Signal Processing, April (2013)

