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Abstract. A new 4-D memristive system is presented in this paper. The peculiarity of the model is that it

displays a line of equilibrium points and it has hyperchaotic dynamics in a particular range of the parameters

space. The behavior of the proposed system is investigated through numerical simulations, by using phase

portraits, Lyapunov exponents and Poincaré sections. Furthermore, we have designed and implemented an

electronic circuit to verify the feasibility of the proposed system.

1 Introduction

Chua introduced the missing fourth circuit element, the

memristor, in 1971 according to the theory of electrical cir-

cuits combining the charge q and the flux φ [1]. A general

concept of memristive systems was developed by Chua

and Kang [2]. However until 2008 when Strukov et al
at Hewlett-Packard Laboratories [3] reported a solid-state

implementation of the memristor, the research on mem-

ristors was not broad enough. In 2009, Ventra et al [4]

proposed other “mem-elements", such as memcapacitor

memcapacitor and meminductor. Since then, many poten-

tial applications about memristors have been found based

on their properties. Non-volatile memory applications,

crossbar latches as transistor replacements or augmentors,

analog computation and circuit applications, as well as

memristor-based neural networks are some of them. Also,

the design of memristor-based chaotic oscillators, by re-

placing the nonlinear part of chaotic dynamical systems

with memristors has been introduced [5]-[7]. So, research

on memristor-based chaotic systems becomes a focal re-

search topic in both the technological and the application

domain [8]-[16].

Furthermore, in recent years a new classification of

chaotic dynamics has been introduced. According to this,

there are two types of attractors: self-excited attractors and

hidden attractors. A self-excited attractor has a basin of

attraction that is excited from unstable equilibria. In con-

trast, hidden attractor cannot be found by using a numer-

ical method in which a trajectory starts from a point on

the unstable manifold in the neighbourhood of an unsta-

ble equilibrium [17]. Studying hyperchaotic systems with

hidden attractors is still an open research topic. Motivated

by complex dynamical behaviors of hyperchaotic systems,

noticeable characteristics of memristor and unknown fea-
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tures of hidden attractors, a memristive hyperchaotic sys-

tem with a line of equilibrium points is proposed in this

paper.

This research work is organized as follows. In Section

2 a 3-D four-wing chaotic system, the model of the mem-

ristive system, as well as the new hyperchaotic system are

presented. In Section 3 presents the simulation results of

the memristive system. In Section 4 the circuit realization

of the system is described in detail and Section 5 concludes

this work with a symmary of the main results.

2 The New 4-D Hyperchaotic Memristive
System

2.1 The 3-D Four-Wing Chaotic System

In 2015 Li et al [18] announced a 3-D four-wing system

which is described by the equations:

ẋ = ax + y + yz
ẏ = −xz + yz
ż = −z − mxy + b

(1)

The system of differential equations (1) is a chaotic

nonlinear system with four quadratic nonlinearities, three

linear terms and especially with none in the second equa-

tion.

It has been shown by Li et al [18] that the 3-D system

(1) displays the following features.

• It generates a four-wing chaotic attractor with fractal

structure for some choices of the parameters.

• In a selected parameter region, it displays robust chaos

with periodic Arnold tongues, and the strange attractor

varies among a symmetric pair of single-wing attractors,

a double-wing butterfly attractor, and a four-wing attrac-

tor.

• There is a hidden parameter in the coefficient of a

quadratic nonlinearity in the system, whereby an obvi-

ous constant term controls the amplitude of all variables.
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Figure 1. Phase space in x − y − z, for a = 0.4, b = 3, c = 0.1,

d = 6, e = 1.

The attractor resembles two groups of butterfly shapes,

which is different from other reported four-wing systems.

The Figure 1 shows that system’s (1) four wings are built

in different way.

2.2 Model of the Memristive System

As it is mentioned, Chua and Kang introduced the mem-

ristive system by generalizing the original definition of a

memristor [2]. A memristive system can be described as:

ẇm = F(wm, um, t),
fm = G(wm, um, t)um

(2)

where wm, fm and um denote the state of memristive sys-

tem, output and input, respectively. The function G is a

continuous and n-dimensional scalar function and F is a

vector function. So in this work the following form of a

memristive system has been used:

ẇm = um,
fm = (1 + 0.25w2

m − 0.002w4
m)um.

(3)

In order to investigate the behavior of the memristive

system an external bipolar period signal um is applied. The

form of um is:

um = Asin(2π f t) (4)

where A is the amplitude and f is the frequency. From the

first equation of the system (3) we can find wm:

wm = wm(0) + A
2π f t (1 − cos(2π f t)) (5)

where wm(0) =
∫ 0

−∞ um(τ)dτ is the initial condition of the

internal state wm.

Substituting (4) and (5) into (3), it is easy to derive the

output of the memristive system. Therefore, the output ym

depends on the frequency and amplitude of the applied in-

put stimulus. Figure 2 shows the hysteresis loops of the

memristive system (3) when it is driven by a periodic sig-

nal (4) with different frequencies. Obviously, the proposed

memristive system exhibits a pinched hysteresis loop in

the input-output plane.

Figure 2. Hysteresis loops of the proposed memristive system

driven by a sinusoidal stimulus with A = 1 and w0 = 0, for

f = 0.1 (green line), f = 0.2 (blue line), f = 0.5 (red line).

2.3 The New Hyperchaotic Memristive System

Finally, according to the aforementioned 3-D chaotic sys-

tem and memristive system, the following 4-D memristive

system is presented.

ẋ = ax + by + yz
ẏ = −xz + yz − c f
ż = −z − dxy + e
ẇ = y

(6)

where y = um, w = wm and f = fm.

The 4-D memristive system (6) for every a, b, c, d, e
has a line of equilibrium points E(0, 0, e, wm). As a result,

this memristive hyperchaotic system can be considered as

a dynamical system with hidden attractors because it is

impossible to verify the chaotic attractor by choosing an

arbitrary initial condition in the vicinity of the unstable

equilibria [18].

The Four-Wing hyperchaotic attractor in the (x, y, z)

phase space, for a = 0.5, b = 3, c = 0.1, d = 6, e = 1 is

depicted in Fig. 3.

By using the Wolf et al [19] algorithm the Lyapunov

exponents have been calculated as: L1 = 0.35891, L2 =

0.00239, L3 = 0 and L4 = −4.1826. So, there are two

positive Lyapunov exponents as a result the system is hy-

perchaotic. In addition the Kaplan-Yorke dimension of the

system is found as:

DKY = 3 +
L1 + L2 + L3

|L4| = 3.0864 (7)

As it is shown in Fig. 3 the new 4-D memristive system

has the same "butterfly" shape.

3 Simulation Results

In order to study the behavior of the new system, usual

assets of the theory of dynamical systems such as phase

portaits, Poincaré maps, bifurcation diagrams and and di-

agram of Lyapunov exponents.

The bifurcation diagram of y versus α, for b = 3,

c = 0.1, d = 6, e = 1, is presented in Fig. 4. Also
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Figure 3. Hyperchaotic attractor in (x, y, z) phase space, for a =
0.5, b = 3, c = 0.1, d = 6, e = 1.

the diagram of system’s (6) Lyapunov exponents versus

α is depicted in Fig. 4. This diagram confirms system’s

dynamical behavior as it is presented in the respective bi-

furcation diagram. At the Lyapunov diagram (Fig. 5) the

fourth Lyapunov exponent is ignored because it takes neg-

ative values far from the zero value.

Figure 4. The bifurcation diagram of y versus α for b = 3, c =
0.1, d = 6, e = 1.

Figure 5. The Lyapunov Diagram of y versus α for b = 3, c =
0.1, d = 6, e = 1.

In more details, system (6) presents the following dy-

namical behavior:

• a region of periodic behavior for a > 1.07 (Fig. 6). .

• a region of quasi-periodic behavior for 0.91 < a < 1.07

(Fig. 7).

• a region of periodic behavior for 0.89 < a < 0.91.

• a region of chaotic behavior for 0.85 < a < 0.89 (Fig.

8).

• a region of hyperchaotic behavior for 0.4 < a < 0.85

(Fig. 9).

Especially, the hyperchaotic behavior is shown in the Lya-

punov diagram of Fig. 5 in the region where two Lyapunov

Exponents become positive and one zero.

4 Circuit Realization of the Memristive
Hyperchaotic System

The electronic circuit, which emulates the mathematical

model of the proposed memristive hyperchaotic system

(6), is presented in this section, in order to show its fea-

sibility. The designed circuit, which is built by using off-

the-shelf electronic components, is an effective way for

discovering dynamics of the theoretical model practically.

Circuital design, especially of hyperchaotic systems plays

an important role on the field of nonlinear science due to

its applications in many fields, such as in secure commu-

nication, signal processing, random bit generator, or path

planning for autonomous mobile robot etc [20]-[24]. In

addition, circuital implementation of chaotic/hyperchaotic

systems is also provide an effective approach for investi-

gating dynamics of such theoretical models [25], [26]. For

example, hyperchaotic attractors can be observed on the

oscilloscope easily or experimental bifurcation diagrams

can be obtained by varying the values of variable resistors

[27], [28].

Figure 10 depicts the schematic of the circuit. The main

circuit that realizes the system (6), has four integrators (U1

- U4) and two inverting amplifiers (U5, U6), which are im-

plemented with the operational amplifier TL084, as well

as three signals multipliers (U8 - U10) by using the ana-

log multiplier AD633. Also, the circuital realization of the

memristor’s function f of Eq. (2), is also depicted in Fig.

10. Indeed the sub-circuit of the proposed memristive sys-

tem only emulates the memristive function because there

is not any commercial off-the-shelf memristive device in

the market yet. So, the memristor’s function is realized by

using an inverting adder amplifier (U7) and three signals

multipliers (U11 - U13). By applying Kirchhoff’s circuit

laws, the corresponding circuital equations of the designed

circuit can be written as:

ẋ = 1
R·C [ R

Ra
x + R

Rb
y + R

10V·R1
y · z]

ẏ = 1
R·C [− R

10V·R1
x · z + R

10V ·R1
y · z − R

Rc
f ]

ż = 1
R·C [−z − R

10V ·Rd
x · y + Ve]

ẇ = 1
R·C y

(8)

where

f = [ R
10V ·R1

Vf +
R

(10V)2·R2
w2 − R

(10V)4·R3
w4]y (9)
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(a) (b)

Figure 6. (a) Phase portrait and (b) Poincaré map, for α = 1.2, b = 3, c = 0.1, d = 6, e = 1.

(a) (b)

Figure 7. (a) Phase portrait and (b) Poincaré map, for α = 1, b = 3, c = 0.1, d = 6, e = 1.

(a) (b)

Figure 8. (a) Phase portrait and (b) Poincaré map, for α = 0.85, b = 3, c = 0.1, d = 6, e = 1.

(a) (b)

Figure 9. (a) Phase portrait and (b) Poincaré map for α = 0.5, b = 3, c = 0.1, d = 6, e = 1.
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Figure 10. Schematic of the circuit which emulating the mem-

ristive hyperchaotic system.

In system (8), the variables x, y, z and ω correspond

to the voltages in the outputs of the integrators U1 − U4.

Normalizing the differential equations of system (8), by

using τ = t/RC, we can see that this system is equivalent

to the system (6), with a = R/Ra, b = R/Rb, c = R/Rc and

d = R/(10V · Rd). The circuit components have been se-

lected as: R = 10kΩ, R1 = 1kΩ, R2 = 0.4kΩ, R3 = 0.5kΩ,

Ra = 20kΩ, Rb = 3.333kΩ, Rc = 100kΩ, Rd = 0.166kΩ,

C = 10nF, Ve = V f = −1VDC , while the power supplies of

all active devices are 15VDC . For the chosen set of compo-

nents the system’s (6) parameter is a = 0.5, b = 3, c = 0.1,

d = 6, e = 1. The designed circuit is implemented in

the electronic simulation package MULTISIM and the ob-

tained results are displayed in Figs. 11-12. Theoretical

attractors (see Fig.9a) are similar with the circuital ones

(see Fig. 12).

Figure 11. Hyperchaotic attractor of the designed circuit ob-

tained from MULTISIM in the (x, y)-phase plane, for a = 0.5,

b = 3, c = 0.1, d = 6, e = 1.

Figure 12. Hyperchaotic attractor of the designed circuit ob-

tained from MULTISIM in the (x, z)-phase plane, for a = 0.5,

b = 3, c = 0.1, d = 6, e = 1.

5 Conclusion

The existence of a memristor-based hyperchaotic system

with line of equibria has been studied in this paper. Al-

though 4-D memristive systems often only generate chaos,

the presence of a memristive device leads the proposed

system to a hyperchaotic system with hidden attractors.

The system has rich dynamical behavior as confirmed by

the example of attractor reported and by the numerical

Poincaré map presented. Also, the designed circuit emu-

lates very well the proposed hyperchaotic memristive sys-

tem. Because there is little knowledge about the special

features of such system, future works will continue focus-

ing on dynamical behaviors, as well as the possibility of

control and synchronization of such system.
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