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Abstract. This work is devoted to get Jost solution by the method of variation of parameters and properties of this
Jost solution of a boundary value problem (BVP) depending on an hyperbolic eigenparameter. The results obtained
are then used to find the Green function, resolvent and continuous spectrum of this BVP by using the methods of
operator theory, methods of functional analysis and the general theory of difference equations. Moreover, using the

Weyl compact perturbation theorem, we get that the operator L generated by the g -difference expression has

continuous spectrum filling the segment [—2\/_ ) 2\/; 1.

1 Introduction

Quantum calculus which known as the calculus without
limits is a connection between mathematics and physics.
In recent years, it has led to rapid development of the
theory of g -difference equations. The study of g -

difference equations has become an important area of
research. Because such equations have an interest role
due to their applications in several mathematical areas
such as number theory, orthogonal polynomials,
mathematical control theory, basic hyper-geometric
functions and other disciplines including mechanic,
theory of relativity, biology, economics. Since it has huge
applications in several disciplines, spectral analysis of ¢

-difference equations and operators have become a new
research area for mathematicians. Spectral analysis of
self-adjoint and nonselfadjoint g -difference equations

has been investigated in [1, 2, 4, 7] both ordinary and
matrix cases. Also BVPs consisting of ¢ -difference

equations and boundary condition depending on spectral
parameter is studied in [3, 5]. Differently studies which
are mentioned above, in this work the spectral analysis of
a ¢ -difference equation with boundary condition is

investigated using hyperbolic eigenparameter. As a result
of this, analytical region of Jost solution has changed
from upper half-plane to left half-plane. Some different
aspects on the appearance of Jost solution, resolvent and
Green function are stand out. This new approach will
provide a wide perspective on applications of these
problems in physics, mathematics, economics and

engineering. In this study, we let ¢ >1 and use the
notation

Ny — .
g =4q" ne Ny},
where N o denotes the set of nonnegative integers.

¢,(¢") is a Hilbert space of complex-valued functions

with the inner product

fg)g = Z uOANg@). fg:gh - C

i‘eqND

and the norm

3wl

t=q ™0

figt-C

1Alg =

where 1(t) =(q—1)t for all t€g"" . Let us consider
the nonselfadjoint BVP consisting of the second-order g
-difference equation

ga(t)y(gt)+b()y(0) +a @y@ S O AN()
and the boundary conditions
(7o + 1)+ (B + LAy =0,
VB =7By =0, y, =L, @)
where {a()} ., and {B(D)}_. are complex
sequences, A is an eigenparameter, a(z)#0 for all

t e q‘v° , and 7/i,ﬂ[ eC,i=0,1.In this work, we
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discuss the Jost solution and Jost function of of the BVP
(1)-(2) and after getting its Green function and Resolvent,
we investigate the continuous spectrum of this BVP
under the assumption

D (1=a@®)|+]b(®)]) <. (€)

req"

2 Main results

Under the condition , we get the solution of BVP (1)-(2)
as

Int

e(t,z):a(z)%(n ZA(z,r)eWJ, teq™ (4

rEqN
for A =2./q cosh z by using the similar method given
zeC.={ecC:z<0}

in[5], :
A(t,r)

wt) = (g -t for all teqg™ and a(t) ,
are expressed in terms of {a(?)} and {b(?)} as

a®)= ] [a®)] .

se[t,ac)r\q”
1
A(ﬂ‘])=__ b(S),
o
AtgH= )

{1—a2(s)+@ > b(s)},
se[qt,oc)mqN

pelasco)ng”
Alt,rg*) = A(gt,r)

2 b(s)
(I-a’(s))A(gs,r)——= A(s,qr) ¢,
{ a“(s))A(gs,r \/q_ sqr}

where

>

Se[qt,w)qu

for t € qN° and 7 eqN . Moreover it is given in [4]
that A(¢,r) satisfies

A r)IC Y]
s{tqu?“lqj,ooJﬁqN

Inr . . Inr
where LZIan is the integer part of 3ing

(I1=a(s)[+[b(s)), (5

and C >0 isa

constant. Using (3) it is seen that e(., z) is analytic with
C.=4{eC:z<0}

. Using (4) = and the boundary

to z in and

respect
continuous in C-

condition , we define the function £ by

(y, + 2\/q_;/1 cosh z)e(q, z)
+B, + 2\/;@ cosh z)e(l, z).

g(z) =

The function & is analytic in C_ | continuous in ((_:7 ,
and g(z) =g(z+2x) . Analogously to the Sturm--

Liouville differential equation, the solution e(;, z) and

the function £ are called the Jost solution and Jost
function of  (1)-(2), respectively [6]. Let

H(A) = {p(t,z)} t € g™, be the solution of (1)
satisfying the initial conditions
§1, ) = ~(y, + 1A, Ha, ) = (B, + BA).

If we define
9(t,2) = p(2\Jg cosh2) = {g(t.2\Jg cosh 2)]_,.

then @ is an entire function and @(z)=@(z+27) .

Let us take the semi-strips
Py={zeC :-L<:<3

= - and
P =5y [— z, ‘“7”] . The Wronskian of two solutions

y=wtA)], o and v={(tA)} . of (1) is
defined by

Wy, vl = u@®a) {y(t, vigt, A) — y(gt, Avt, 1), t e

Hereafter, we find
Wip(t, 2),e(t, )] = —p(Da(l)g(z) -
Since ¢(, z) and e(, z) are independent solutions for
all ze P with g(z) #0 , we find the Green function
of the BVP (1)-(2)

_p(r.z)e(t,z)
qa() f(z) >
_e(r,z)e(t,z)
qa() f(z) °

r=tqg*, keN,

G, (2)= r=tg", keN. (6)

It is clear that

R.h(t)= ZG(t,r)h(r), hel,(¢") (7)

J
rEqk

is the resolvent of the BVP (1)-(2). Related to the
equation (1), we will recall the g -difference operator by

L generated in ( 2(qN) by the ¢ -difference

expression

(1) () = a@y@ + DOV + qad)y(qt), ¢ e q.

Note that (1) can be rewritten as (/y)(¢) = Ay(t). Let
L, and L, denote the g -difference operators generated

in Kz(q‘v) by

(1y) @) =y G] +qrlgt), teq

and

(Ly) @) = (a G] - 1] v (éj + 6@y (@) + glale) — Dy(qt), ¢t eq”,

respectively. It is clear that L, is a self-adjoint operator
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Int,

. end
. It can be easily seen that NG] and

and L=1L +1L, [4]

e M9

N are
) =Ay(t) for A=2Jgcoshz . The

Wronskian of these two solutions is

linearly  independent solutions  of

!

1
m

W {’]]:Jl; . [ }];l—;z - 2 i
m m Jasinhz
For all ze C_\{ikx : keZ}

green function and resolvent of L, by

, we define the

, r=tg’", keN

-
E g

1 Inr, ln)‘
eln q Ing”

S (2)m ———
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, r=tq", keN,. (8)

and

R, (L) ()= SE.ry (), ywel,(g") ()
reqN

respectively.

Lemma 1. For every O >0, there is a number such that
C 5 such that

IRA(LDIg >

Cs
|sinhz|{ 1 — e*

forall zel{ze PR, :|z|< o} .
Proof Let us define the function

e ™ .otgk, kel

fra) =< 0. re=igh kel

~

where z =Xx+1) . Thus, we obtain

o |2 qlar
ez= Y |e . |e' | <
}‘EEO:%]'-]QF FE[O,%:AQN
. 2 .
Since ”f(, Z)”q <o , f(,2)el,(q") . Using

the (8) and (9) , we get

Inr _
"
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Ri(Lyfe.2) =
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Since , we obtain

that

A2l
Aq|sinhz|?

. IR II_S2 Z(eh—;:)
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1A 2) [ ge*
16q|sinhz|*(1 — %)

IA-2) Il ge*
By choosing 4Ja

||R;.(L1)f(‘-5)||§ =

3]

/

\,.r

, the proof is complete.

Theorem 1. o(L)=0_(L) =[—2\/q_,2\/q_] , where
o(L)) and o_(L)) denote the

spectrum  and
continuous spectrum of the operator L, , respectively.

Proof. Because of the operator L, has no eigenvalues,

the spectrum of it consists of only its continuous

spectrum.  If A, = 2\/5 coshz,eo (L)) , then

Rz (L) = % Using (8) and (9), we have
Zp — 0 ) If Zy = 0 , then

A, = 2\jq_COShZO € [—2%, Zﬁ] . It follows from

Lemma 1 that 1RA(L D] ¢ > * for
A =2\Jq coshz e[~2\[g,2\[q] . Now, if we show
the range R(L —AI) of values of the operator
L, — Al isdensein £,(¢"), the proof is completed. The
orthogonal complement of R(L, —AI) coincides with
the space of solutions of the equation (/;¥)(¢)=A1

such that y € £,(¢") .
selfadjoint operator and has

Since the operator L, is a
no eigenvalues, the
orthogonal complement of the set R(L, —A[) consists
only of the zero element. It gives that the range
R(L, —Al) isdensein (,(q") .

Note that the different method of the proof of this
theorem is given in [4].

Theorem 2. Under the condition (3), we have

o, (L) =[-2\Jg,2/q].
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Proof. Under the assumption (3), it is found that L, is a

compact operator in Kz(qv) (see [8]). Then using

Theorem 1 and the Weyl theorem [9] of a compact
perturbation, it is seen that

o (L) =o(l) =0oc(L).

3 Conclusion

In this study, first we give the Jost solution of the BVP
(1)-(2), then using the asymptotic behavior and analytical
properties of the Jost solution, we obtain the Green
fuction and the resolvent of BVP (1)-(2). At the end, we
show that the continuous spectrum of the operator is

filling the segment [—2\/5, 2\/5] under the condition

(3). The properties of eigenvalues and spectral
singularities of this BVP can be invastigated in the
further research. For example, a condition can be given
which guarante that this BVP has finite eigenvalues and
spectral singularities with finite multiplicities.
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