MATEC Web of Conferences 63, 05037 (2016) DOI: 10.1051/mateccont/20166305037

MMME 2016

Representations for the Drazin inverses of block matrices
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Abstract. In this paper, we investigate representations of the Drazin inverse of a 2 x 2 block matrix. The
Drazin inverse of a matrix is very important in various applied mathematical fields like machinery and
automation, singular differential equations . We give a explicit representation of the Drazin inverse of a

block matrix.
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1. Introduction
Let C™" denote the set of nxn complex
matrices. The smallest nonnegative integer k

such that rank(A*™") =rank(A4"), denoted by
ind(A), is called the index of 4. The Drazin
inverse is the unique matrix A eC™"
satisfying

AAY = AT A, AY 44" = 47, 447 = 4"

where k =ind(A). We denote by 4" =1 — A4“.

For Ae C"" we define 4° =1

order n,evenif 4=0.

The Drazin inverse of a matrix is very
important in various applied mathematical fields
like machinery and automation, singular
differential equations, singular difference
equations, Markov chains, iterative methods and
so on[1,2]. We introduce briefly an application
of the Drazin inverse of a block matrix[2].

the identity of

n?o

3 -0 S0 e Srelar) (4] -3l el

with ind(M)<ind(A)+ind(D)+1.

Lemma 1.4 (see [5],) Let P,Q e C"™",where

In this paper, representations for the Drazin
inverse of 2x2 block matrix M , under the
following conditions that

BD=0, D"CB=0, D"CAB=0, D"CA* =0
and so several results are generalized.

Lemma 1.1 [3]Let 4 C™" and Be C"",
then (4B)? = A[(BA)*]’B.

Lemma 1.2 Let AeC™" , then
(AZ)d — (A2)2 .

A B
Lemma 1.3 (see [5],) Let M :[ J be
C D

a 2x2 block complex matrix, where 4 € C™"
and D € C"™" with
ind(4)=r, ind(D)=s,ifBC =0, BD=0 then

(e )
ZO Dd+ZIB
and k = 0,1,
i+k k—i+1

i=0
ind(P)=r, ind(Q)=s ,if
POP =0, PQ’=0then
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2. Main Results A B
Theorem 2.1 Let M = c D bea 2x2

block complex matrix, where 4 € C"™" and
D e C™"with ind(A4)=r, ind(D)=s,if

BD=0, D"CB=0, D"CAB =0, D"CA* =0,

o | A +(4”) BC+(4”) BCA (4 B+(4”)'BCB on
v, +v,(4° ) BC+ D y,BC+ADD"C  D” +y,B+ABD" |

then

where
A=y, (4" BC+ D"y, (4"} BC+y,D"y,BC,

. ZZ( )1+k+2CA 47— Z(DD)HIC(AD)k—HI, k=0,l.

i=0 i=0

Proof. Let M = P+ (Q,where

0 BDD" A BD”
P = ’ Q = .
D"C 0 DD”C D

By BD=0, D"CB =0, then
BDD™ \ A BD*™\ 0 BDD”
DD’C D )\ D"C 0

BDD”C BD’D” 0 BDD”
D"CA D”CBD” \D*C 0

=0.
Since D"CB=0, D"CAB=0, D"CA’> =0, we have

, 0 BDD"”\ 4 BD” A BD”
PO* =
D"C 0 DD?C D \D°DC D
_ BDD”C BD’D" A BD”
D"CA D”CBD” \ DD°C D

~ [BDDDCA +BD*D”C  BDDPCBD” + BD3DD]

D"CA’ D"CABD™ + D"CBD"D
=0.
2 D n -
By P =0, we get that P =0, P” =1. Noting o (4P (AD)ZB
that BD =0, by Lemma 1.3, we have 0" = b ’
v, D" +y,B

where
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v, zi(DD)HmzCA,-A”_i(DD)-HC(AD)HH’ f—o.l.

i=0 i=0

Since POP =0, PQ’ =0, By Lemma 1.4, we get
m—1

(proy =03 o) + S0 PP+ 0 S 0 (P?) 20
n 'iz(QDy+3Pi+1PﬂQ_QDPDQ_ (QD)ZPPDQ’

where k=ind(Q)<r+s+1, m=ind(P)=2,,

By P” =0, P” =1,then
(P+Q)D _ f:l(QDy”Pi +Qﬂm§f(QDy+3P[+1Q
i=0 i=0

=" +(0”f P+(0”) PO

) P:(AD (4"} B }[(AD)ZBD”C 0] |

v, D”+wB )\ w,BD'C 0

B (4”) BC+(4”f w,BC 0
wo (4 BC+ D"y, BC+y,By,BC 0)

By BD=0, BD” =0, By, =0 so we have
oy
By By,=0, By,=0, BD” =0, we get

(4”) B J[ (4"} BC 0 ]

wo(4”f BC+D y,BC 0

(4°) Be o}

wo(4”f BC+D y,BC 0

PV p_ AP
(Q) {l//o D” +y,B

) (4”) BC 0
wo(4” ) BC+ D y,(4°f BC+y,D"y,BC 0

and
(0”) Po- (4”) Bc 0 ( y BD”J
v, (4" BC + D"y (4" BC +y,D"y,BC 0 )\DD”C D
_((4”)'Bca  (4”) BcB
ADD"C ABD* |

where
A=y,(4° ] BC+ D"y, (4] BC+y,D"y,BC

So we have
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(P+0) =0"+(0") P+(0” PO

A° +(4”) BC+(4”) BC4

w,+w,(4”f BC+Dy,BC + ADD"C

This result generalizes the result under the

condition BD=0, D"CB=0, D"CA=0 in [4]
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