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Abstract. An ergodic semi-Markov process with the structure represented by the full graph with loops, which simu-
lates a digital control algorithm that generated transactions onto an object, is investigated. Elementary simplifica-
tions for reduction of semi-Markov processes are defined. Recursive procedure for reduction of initial semi-Markov

process structure till the model, which includes selected states with its links only, is proposed. Formulae for recalcu-

lation of probabilities, weighted densities and expectations of time of switching to linked states are obtained. It is

shown that recursive procedure may be used also for calculation of time expectation of return the process to one of

selected states that simplified the task of evaluation of time intervals between transactions in polling procedure.
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1 Introduction

Polling is one of the most common procedure for trans-
actions organization in real time, embedded, swarm
etc., control systems [1, 2]. In such a systems control
computer algorithmically organizes a cycle of control
of peripheral equipment, so there are rigid restrictions
for time period between transactions.

For evaluation of time intervals the model of data
processing must be worked out. Taking into account
the number of specific features of control algorithms,
such as cyclic recurrence, quasi-stochastic way of con-
tinuation in places of branching, quasi-probabilistic of
time of execution of operators, there is the only formal-
ism for modeling the computation, ergodic semi-
Markov process [3-6], and interpretation of algorithm
may be represented as a wandering through states of
semi-Markov process [7, 8].

In [9, 10] matrix expressions for evaluation of time
intervals were obtained, but they are cumbersome
enough for practice use. So, the known approach needs
high computational resources, commensurable with
compilation of program and experimental evaluation of
time intervals under consideration [11, 12]. Recursive
procedure proposed below permits substantially de-
crease time complexity of analysis of ergodic semi-
Markov processes.

2 Initial semi-Markov process

In most general case semi-Markov process, which sim-
ulates a polling generator of transactions, is the next [3-
6]:

S+ pp = {S+JA,S+Jr,S+Jh(t)}’ 1)

where %74 - is the set of states; 57/ A=S4.54 :
SAnS 4=, SAz{al,. a ...,aS} - is the subset of

ey

selected states, which simulate operators of generation
of transactions; SA={aSH,...,aSﬁ,...,aS”} - is the

subset of other states; 5™ r = (S +

rmn) - is the adjacen-

cy matrix of size (S+J)><(S+J) ; S”h(z) - is the
semi-Markov matrix of size (S+J)x (S +.J); ¢ - time;

S+J h(t) _|s+s p®S+J f(t)J : 2)

$+/ p - is the stochastic marix; 5*7 f(¢) - is the matrix

of densities which specifies time intervals; S =1

mn
for 1<mn<J+S.

Typical graph [13-14] which describes structure of
process is shown on figure 1.
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The process (1) generates a transaction in one of the
next cases:

1) when the direct switch from a,, 54 to a, 54
occurs;

2) when occurs switch from a, €4 to a, e’ 4 and

subsequent wandering through states of subset 54
from a, 4 to aneSA.
For evaluation of time intervals it is necessary to

replace the walk through states of subset S 4 to direct
switch, i.e. reduce (1) till the semi-Markov process

SM =545, 5n(t)}, 3)

s - is the adjacency matrix of size

_(s
where r—( oun

SxS ; Srmnzl, 1<m,n<S ; Sh(t) - is the semi-
Markov matrix of size Sx.S.

When reducing, states of subset S 4 are eliminated,
so every switch of semi-Markov process (3) generates
one transaction. For the reducing may be used matrix
method, described in [10], however similar result may
be obtained with the aid of recursive procedure of sim-
plification of (1).

3 Elementary operations of reducing
For realization of recursive procedure let us to intro-

duce three elementary operations of reducing of semi-
Markov process, which are shown on figure 2 [15-16].

U (a)

Figure 2. Operations of reducing

On the fig. 2 the union of sequential states is shown.

Probability, weighted density, expectation and disper-
sion of time of wandering from a,, to a, are deter-
mined by the next dependencies:

n—1

pm,n = Hpk,k+1 5
k=m

)= T2l 0]

k=m

n-1
Tm,n = sz,kH >
k=m

n-1

Dy = Y Disni )
k=m

where p, ;. - is the probability of switch to linked
state; Ay 4 (t) - weighted density of time of switching

to linked state; 7} ,,; - is the expectation of time of

switching; L[...],L’l[...] - are direct and inverse La-
place transforms.

On the fig. 2 (b) the union of parallel arcs is shown.
Probability, weighted density, expectation and disper-
sion of time of switching from a, to a, are deter-

mined by the next dependencies:

K
pm,n = zpm,n,k 5
k=1

K
hm,n (t) = Z hm,n,k (t) >

k=1

K
- kzlpm,n,k ’ Tm,n,k
Tm,n == ~ >
Pmn

K
- me,n,k : (Dm,n,k + Tmz,n,k) -
Dm,n =4 ~ 7Tnin (5)

pm,n

where k - is the number of arcs from a,, to a,; p,, .« »

hm,n,k(t)7 Tm,n,k > Dm,n,k -

probability, weighted density and expectation of time
of switching from a,, to @, on k-th arc.

On the fig. 2 (c) elimination of loop is shown.
Probability, weighted density, expectation and disper-
sion of time of switching from a,, to a, are deter-
mined by the next dependencies:

’]V? _ pm,n .
" 1+pm,m ’

)= 1 Sl O 1, |
n=[teg® Be) 1 (8): -0

g T Tm,m'pm,m A
mn — Tm,n + 1— P >
m,m
~ D, ., p T2 . p
Dm L= Dm,n + m,m m,m + m,m m,m (6)

l_pm’m (l_pm,m)z .

4 The recursive procedure

The recursive procedure presupposes sequential elimi-
nation of states from (S§+J)-th, to (S+1)-th. Let us as-
sume that at the previous simplifications states from
(§+J)-th till (S+7/+1)-e were eliminated, i.e. semi-
Markov process (1) was reduced till the process

S+jM:{S+jAS+jr S+jh(t)} %)
where 5/ r = (S +J rmn) and 5™ h(r)= lS”hmn (t)J are of
size S+ jxS+J; Srmn =1,1<mn<S+j.

The first operation of reducing is elimination of
loop on the state ag,; due to dependencies (6):
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S+j

S+j5 _ Ps+jn
S+jn ST se s
1+S+jpS+j,S+_j

ool 1Sl m 0] 1.

. S+j S+j
S+ip = h. st () h.jn () :
¢ 0 0
S+j S+j
TS+j,S+j' Ps+js+j

S+j ?
1- Ps+js+j

S+ TS+_/’,n =5+ TS+_]',n +

S+ S+j,8 'S+jPS S
~ ) iS4 S+
S+jDS+j,n:S+jDS+j,n+ J J J J +

S+j
1- Ps+j,S+j
S+jp2 S+j

Tsijs4)" "Ps+js+;

(1_S+jp5+j,S+j)z

>

®)

The next operation of the recursive cycle is splitting
the state ag, ; onto (S+j—1)2 states as it is shown on
fig. 3.

Figure 3. Splitting the state ag, ;

At first the state ag, ; (is circled with dash-dotted
line) is splitting onto set
A, :{asﬂ»’l,...,asﬂ,n,...,as_j,sﬂ-_l} (every element
of set is circled with dashed line), and then states
as ;o> 1 < n <8+ j -1 are splitting onto sets
As ={asﬂ,n,l,...,aSﬂ-,n’n,...,aS_j,n,Sﬂ»_l}. In other
to ensure equivalency of transforms probabilities,

weighted densities and expectations must be recalcu-
lated in accordance with dependencies (4):

ﬁn,m :S+jpn,S+j 'S+jﬁs+j,m >
)= L[]S h 5,0 O LI, O]

7 S+j S+j .
Tn,m (Z): Tn,S+J+ TS+J,m ’

a S+j S+i 1y
Dn,m(t): Dn,S+J+ DS+J,m >

1<nm<S+j-1 .9

On the next step in accordance with (5) must be re-
calculated probabilities, weighted densities and expec-
tations of semi-Markov process
Sty = {S” g Sty St *1h(t)}, which have already

S +j -1 states.
S+j-1 _S+j ~ .
pn,m_ pn,m +pn,m’

S+j71hn,m :S+jhn,m (t) + l:;n,m (t) ;

S+j S+j Y e
S+j—1T _ Pum: Tn,m+pn,m'Tn,m .
nm — S+/ N >
Pum t Pum
S+j-1 _ S+jlg2
Dn,m - Tn,m +
S+j (s+) S+jm2 ) 5 ( A 52 )
4 Pam ( Dn,m+ Tn,m + Pum Dn,m +Tn,m
S+j ~ ’
PumtPam

Recursion procedure repeated from j = J till j = 1.
As a result of such a procedure elements of matrices

szlspan’ Shzl_shmn(t)l and ST:(ST ) are cal-

culated for the semi-Markov process (3).

5 Time intervals between transactions

Process (3) still stay the ergodic one, so density of time
intervals between transactions may be defined in ac-
cordance with [3, 4] the next expression:

S
S Zspm,nSTm,n S s
g(t)zznzl 1 _[z hm,n:|’ (10)
m=1 Tm,m n=1

s s
where )| Shm,,, and Y, Spm,n 5t

m,n

- density and ex-
n=1 n=l1

pectation of time of stay of semi-Markov process (3) in
the state ameSA T

mm - €xpectation of returning of

the ergodic process (3) to state ;.

For determining 'T,

m,m

one may use recursive pro-
cedure, described above. Without loss of community
let us describe it for determining ITLl . For other nomi-

nations of 1<m < S procedure may be applied to pro-
cess (3) after a changing of numeration of states of the
process.

Procedure for decrement of m, from S to 1, is the
next:

the elimination of loop

m m m
6 ~ _ pm,n .mT _m " Tm,m' pm,m .
mmn 1 m > mn~—  Tm,n 1 m 5

+ m,m - Fmm

the splitting of set and union of sequential states
ﬁn,k :mpn,m'mﬁm,k 5 ]—;1,1{ (t ”1]—;1,m+m mk >
1<nk<m-1;
union of parallel arcs

m—1 _m ~ .
pn,k_ pn,k +pn,k >

m

m A -
Pk Tog + PoiTox
m—1 .

Pk

B

m—1 _
Tn,k -
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Procedure must be repeated for different states,
which must be placed onto the first position to achieve
all parameters necessary to use the formula (10).

6 Experimental verification of method

For verification of proposed method direct computer
experiment was executed with use the Monte-Carlo
method. Under verification was homogeneous semi-

’r, 3h(t)} which is shown

Y

Figure 4. Semi-Markov process *

Markov process M=
on figure 4.

In semi-Markov process M :
S4=1{,2,3};

1 11
=111}
111

1/3-f(t) 1/3-f(¢) 1/3-flt
Sh(e)={1/3-f(c) 1/3-1(c) 1/3-£(t)|;
1/3-f) 1/3-f(¢) 1/3-f(¢
()= 5/3,if 0,7 <t <1,3;
|0, if£<0,7,0r¢>13.

Expectation and dispersion of f{f) are equal
Tpp=1s,D,,=003s>,1<mn<3.

Calculation with use the proposed method gives the
following result: '7}, =3s; 'Dy; =6,123 7.

Computer experiment was carried out in accordance
with the next classical method.

1) Reset the counter of number of realizations, / = 0

2) Assignment the status of current to the first state,
a[ = 1 .

3) Reset the timer #; =0.

4) Receiving a random value 1< 7 <1with uniform
distribution.

5) If 0<n<0333 , then gq;,=1 ; if
0,333 <1 <0,666, then a; =2; if 0,666 < <1, then
a, = 3.

6) Receiving a random value 1< <1.

7) Calculation of time increment on the formula
A, =0,6n+0,7 s

8) Calculation of current time ¢, :=t;, +A,;

9)If a; #1, then 4.

10) Unloading ¢, to array of results.

11) I:==1+1.1If [ < L, then 3).

12) End of experiment.

On figure 5 the histogram of time of returning to
state 1 is shown, which was constructer after 10000

realizations of the process *M .

1 2 3 4 57
Figure 5. Histogram of lfLl (t)

Expectation and dispersion of density ' Ji1 (t), re-
sulting from the processing of experimental data, are
equal, correspondingly ITLl =2996s , with error

0,13%, and |/ 'Dy; = 2,493 with error 0,75 %. Experi-

mental parameters rather precisely correspond to theo-
retical settlements.

Conclusion

In this article relatively simple universal procedure of
recursive simplification of semi-Markov process was
presented to determine time intervals between transac-
tions at polling. Time characteristics were obtained for
most common structure of semi-Markov generator of
transactions (full graph with loops). Time intervals are
significantly important parameter from point of view
insertion the computer into control circuit as the feed-
back element. Optimization of time under considera-
tion permits to improve quality characteristics of con-
trol. Further research in this area may be directed onto
working out the method of optimization of time inter-
vals with use recursive procedure.
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