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Mathematical Modeling of Hydrophysical Properties of Soils
in Engineering and Reclamation Surveys
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Abstract. All structures are built of, or through, or supported by earth materials including soil.
Thus soil surveys in civil-engineering field are an important step in the construction. A lot of
things depend on their results, especially the cost of construction, durability. The hydraulic
conductivity needs one of the most laborious, and expensive surveys, thereby it is necessary to
reduce these disadvantages. Were considered different methods (a laboratory, field and a
mathematical model), and conclusions were drawn about economic feasibility of using the least
laborious method. This method can be used under the various constructions, when engineering
or reclamation surveys take place.

1 Introduction
Soil surveys are an important part of construction, because the cost of construction, durability and
strength of structures depends on the results of these surveys. This is especially urgent in the design of
complex structures erected in dense urban areas, or to previously unexplored territories. The lack of
reliable methods for predicting the effects of human impact has led to negative results (soil
consolidation, degradation, and so forth). Also, a significant problem is the high labor intensity of the
survey work to determine the hydraulic conductivity of the soil [1-4]. One such property is the
hydraulic conductivity. There are various methods for determining the hydraulic conductivity of the
soil: a laboratory, field and a mathematical model. All existing laboratory methods for measuring
coefficient of hydraulic conductivity of soil can be grouped into two major groups: the first includes
methods for the analysis of stationary flows of moisture in the soil, wherein the moisture and capacity
distribution throughout the system, as well as the flux density in any profile of the system
perpendicular to the direction of flow, are not time dependent; the second group-methods of analysis
of unsteady flows, i.e., flows, in which the distribution of humidity, density and capacity changes over
time and space.
Field methods of the determination of the coefficient of hydraulic conductivity involve the
formation of a stationary flow of moisture at constant soil moisture. For these purposes designed soil
infiltrometers, which allow providing water to the soil surface at a negative pressure so that the flow
of moisture in the soil is determined not hydrohead, but the suction force of the soil. A significant
a
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disadvantage is that in both methods the character of current and flux density are significantly
different, which may affect the value of the coefficient of hydraulic conductivity.
On the basis of existing theoretical concepts, using data obtained in a few, but in a certain way
planned and ordered full-scale experiments, formulates equations that describe the patterns of
interaction of the elements forming the system under study, with each other and with the environment.
These equations are summarized in a single system, form a mathematical (simulation) model.
Mathematical models allow solving a wide range of tasks, for example to predict the dynamics of
soil moisture and groundwater level changes, as well as deformation of soils during construction and
operation. Mathematical modeling of hydrophysical properties of soils enables the use of computer for
the experiments, which have several advantages [5-7]: for example, to perform these experiments do
not require much labour and time, while laboratory studies often involves a labour-intensive field
experiments with a large number of replicates. Adequate mathematical models allow investigating the
subject, even in the hypothetical circumstances [8, 9].
With regard to the problems of engineering and land reclamation surveys of particular practical
importance is the opportunity to evaluate such important hydrophysical indicators such as water
retention and hydraulic conductivity of soils, taking into account the hysteresis phenomenon [10-12].
In addition, the use of soil and hydrophysical model proves to be very productive in the agricultural
research for precision farming technology [13], as well as a comprehensive assessment of agroreclamation systems in the planning of investments in the construction of such systems and their
reconstruction [14-17].

2 Materials and methods
Mualem-Van Genuchten method has been used successfully for quite a long time [18, 19]. The
advantages of the method are obvious. It provides an estimating the parameters of the function to
interpolate the measured data of soil water retention capacity (WRC) in the form of the dependence of
volumetric soil water content  on capillary pressure of moisture ψ . Then these parameters are used
for estimating the ratio of the hydraulic conductivity of the soil

k to the coefficient filtration of soil

moisture ks (relative hydraulic conductivity of the soil). The WRC model proposed by
Van Genuchten is following [19]:
where 

  r  s  r  -



 ψn  m ,

 1 1

(1)

the normalized volumetric soil moisture content;  s - volumetric

saturated soil moisture content;  r - minimum specific volume of liquid water in the soil; α , n and
m - empirical parameters.
Van Genuchten used the formula (1) to calculate the ratio k

k
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1  1 n Eq. 2 allows a simple analytical calculation:
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The successful application of WRC (1) as an approximation of the dependence  ψ  for a wide
range of varieties of soil hampered by lack of physical interpretation of used soil and hydrophysical
parameters. This deficiency manifests itself: firstly, the impossibility to estimate these parameters
according to the indirect measurement of the physical properties of the soil; secondly, that the use of
the parameters of the function approximating the relationship  ψ  , which obtained by interpolation of
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the experimental data in a certain range of capillary pressure, can be used to calculate k ks only the
same range of capillary pressure.
Among the most successful attempts to overcome the above drawback relates approach proposed
Kosugi [20, 21]. The basic idea of this approach is that by integrating the Mualem’s formula it is not
used the dependence  ψ  , but normalized differential moisture capacity of the soil μ dθ dψ , with
respect to which the function  ψ  describing the dependence is a primitive. Similarly with Kosugi, in
author's method is based on the hypothesis of lognormal distribution of the effective radius of the soil
pores is a random variable r r  rmin  rmax  r  , where r - the pore radius; rmin - the radius of the

smallest pore and rmax - the radius of the largest pore. This random variable is described by





lognormal distribution density functions: f r  exp  1 2σ 2 ln 2 r r0  r σ 2π , where ln r0 - the
most probable value and σ -the standard deviation of the logarithms of the effective pore radius [2022].
From Laplas’ law ψ P  Pa β / r , where β 2γ cos φ gρ w  - the coefficient of
proportionality;  - measure the surface tension of soil moisture; φ - angle of the contact of the
surface of soil particles; g - gravity acceleration; ρw - density of water.
During the physical modeling of desiccation of the soil, using a pneumatic press, displacement of
its water is achieved from excessive pressure of atmospheric gases in the initially saturated with
moisture of (without entrapped air in the pores), a soil sample, which is placed on a porous membrane.
With the increase in gas pressure above the water surface in the pores of the soil from normal external
atmospheric pressure Pa to Pae air dissolves in water, but the water content of the pore space
practically does not change and the volume of the soil moisture is maximum. The excess gas pressure
is transferred to the water; the absolute pressure of water is also increased. When the excess of gas
pressure reaches value Pae Pae  Pa the interaction force between water molecules and the surface
of soil particles is weakened so that the water goes into the category of free gravitational water from
the soil and flows through the membrane into the pan, and an empty volume of pores takes air. The
excess of gas pressure in the pneumatic press relative to the external atmospheric pressure corresponds
to the value of the capillary pressure of moisture in the soil of the largest pore
ψae Pae β rmax  0 . This value is called the bubbling pressure and is considered here as the
"initial basis" of the capillary pressure of moisture. In the case of rmin  r accept rmin 0 ; in this
case following relations are valid: ψ  ψae  β rmax r  and ψ0  ψae  β rmax r0  , where

r0

r0 rmax  r0  , r0 - the radius of the pores of the soil that corresponds to the most probable value

ln r0 of random variable ln r .

In [22] it has been described the ψ  approximation in the class of elementary functions:








1 2 erfc n π 4 ln  αψ  ψ ae  , ψ < ψ ae ;
θ 

1 , ψ  ψ ae ;

n
 θ  1 1  ψ  ψ ae  , ψ < ψ ae ;


1 , ψ  ψ ae ,
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where α 1 ψ0  ψae  rmax r0 β and n 4 σ 2π - parameters. It has been described the
function of the normalized differential moisture capacity of the soil:
2
2

(5)
μ dθ dψ  n 4 ψ  ψ ae exp  n 4 ln  αψ  ψae  , ψ < ψ ae ;
0
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ψ

ψ
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Thus was obtained the physically based model of differential conductivity of soil moisture. As a
result the formulas that describe the ratio of the hydraulic conductivity of the soil to the coefficient of
filtration of soil moisture, as well as an approximation of this ratio, are following [22]:

 1 4 2 erfс n π 4 ln αψ  ψ  erfс n π 4 ln αψ  ψ  2 n π 2 , ψ < ψ ;
ae
ae
ae
(6a)
k 

1 , ψ  ψ ae .

n
n 2
  1 1  αψ  ψ ae  1 exp 8 nπ  αψ  ψ ae  , ψ < ψ ae ;
k

(6b)

1 , ψ  ψ ae .


  





 





 



In the particular case (under ψ ae = 0 condition) formula (6a) is transformed into formula offered
Kosugi [21]. Formulas (4a), (5) and (6a) form a closed system of the soil hydrophysical functions
with common parameters, which are physically interpreted [23].

3 Results and discussion
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Here is just one result of the verification of the parameters of a closed system of soil and hydrophysical functions. The data is used from the Van Genuchten’s paper [19] for the clay soil Beit Netofa
clay, for which Mualem-Van Genuchten method proved the least acceptable. The blue curves (1) and
(2) in the fig.1 and fig.2 presents a model of Van Genuchten compared with experimental data
(circles), and the red curves (3) and (4) in the fig.1 and fig.2 shows the results of calculation using the
method described above in this paper. Visual analysis reveals much more exact coincidence of the red
curves with the experimental data.
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Figure 1. Water retention curve of the soil.
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Normalized hydraulic conductivity of soil
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Figure 2. Normalized hydraulic conductivity of the soil.

Note that Van Genuchten predicted the hydraulic conductivity relatively accurately only in the
range of capillary pressure, which is common to the soil moisture characteristic, and the hydraulic
conductivity. The suggested model predicts well the hydraulic conductivity even in the range of
capillary pressure, where there is no measurement of the soil moisture characteristics. It is no wonder,
since the Van Genuchten’s model has no physical interpretation, so it can only be an interpolation.
Proposed model has a physical basis, so it has the property of extrapolation: soil moisture
characteristics define parameters in a range of capillary pressure and hydraulic conductivity predicts a
wider range.
Before it is not considered the economic feasibility of the use of mathematical modeling methods
that are available for predicting the hydraulic conductivity of the soil according to its water-retention
capacity. Direct measurement of the hydraulic conductivity of soils under laboratory conditions is
very time-consuming and requires highly skilled staff. For these reasons, a small number of
organizations involved in direct measurements of hydrophysical index.
The average cost of equipment, which used for measuring hydraulic conductivity of soil and fine
soil is about 2000$ [24]. Moreover, it should take into account the cost of this work (the cost of
factors of production: drilling, sampling, transportation, etc.). Using the method described in [12], can
significantly reduce the cost of engineering and survey works, using available data on the relative
density of the addition and the density of the solid phase of the soil as well as soil texture and soilhydrological (soil hydrological) constants [10].

4 Conclusions
It follows that this method can find wide application because of its effectiveness and operational
evaluation of a number of possibilities is very important to the reclamation construction of
hydrophysical index - hydraulic conductivity of soils. This method is widely applicable under the
planning preconstruction surveys, when the geological research of the landscape is done. In addition,
the soil surveys are produced in landscape construction or as the part of reclamation arrangement. Soil
surveys are very important, because they are the basis of all the construction [25-26].
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