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Abstract. A proper edge coloring of graph G is called equitable adjacent strong edge coloring if colored sets from
every two adjacent vertices incident edge are different,and the number of edges in any two color classes differ by at

most one,which the required minimum number of colors is called the adjacent strong equitable edge chromatic

number. In this paper, we discuss the adjacent strong equitable edge coloring of join-graphs about P v P, P v C, and

Ve,

1 Introduction

The coloring problem of graphs is widely applied in
practice. In [1], some conditional coloring problems as
introduced. Some network problem can be converted to
the strong edge coloring[H] and adjacent strong edge
coloring[6].

DEFINITION 1" For a graph G(V, E), if a proper
coloring f'is satisfied with C(u) = C(v) for
Yu,veV(G)(u #v), then fis calledk-strong edge
coloring of G, is abbreviated £-SEC, and

x.(G)=min{k |k — SEC of G}
is called the strong edge chromatic number of G. And for
Yu,ve E(G),C(u) # C(v), then fis called k-adjacent
strong edge coloring of G, is abbreviated ~~-ASEC, and

7. (G)=min{k | k — ASEC of G}

is called the adjacent strong edge chromatic number of
G[ﬁ].Where

Cw)={f(uv)|uve E(G).

DEFINITION 2Let fis a k— ASEC of Gand
satisfied with“El_‘ —‘EjH <1i,j=12,--k
£ is called the adjacent strong equitable edge coloring of
G, and noted by k—ASEECofG, and

7. .(G)=min{k | k — ASEEC of G}
is called the adjacent strong equitable edge chromatic

number of G.Where
E =fe| f(e)=i} i=12,k

4authore-mail: 527876625@.qq.com

[6]
Conjecture For a connected graph with order
p=23 and G #C,(5-cyycle),

Where p = ‘V(G)

There are many references proof this conjecture is true,

,A(G) is maximal degree ofG.

[7-8]
for example , for A(G) <3, this conjecture is true;
For a connected graph with V'(G) > 3.

(D) If G is a bipartite graph with no isolate edges,
then

Zas(G) SA(G) +2

(Q)If G is a k-chromatic graph with no isolate edges,
then

7. (G) <A(G)+O(logk).
DEFINITION 3[9] For graph G and graph H,
VG)NV(H)=EG)NEH)=,and
V(GUH)=V(G)UV(H)
E(GUH)=E@GUEU
{uwlueV(G),veV(H)}

then G v H is called join-graph of G and H .

6
LEMMA 1[ ]If G is a connected graph with
[(G)=3,and uv € E(G),d(u) =d(v) = A(G) ,then

2.(G) 2 AG)+1.
LEMMA 2 If k> 7'(G) ,thenk-PEC of G has

been exist
|E|-|E)| <1i i =12k
Wheree € E,, f(e) =i(i =1,2,---,k), y'(G)is the
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chromatic number of G.
LEMMA 3For n2>3,

|E(P, v P)|=n*+2n-2
|E(P, v C,)|=n*+2n-1
|E(CC,vC,)|=n"+2n
LEMMA 4For n >3, then
+y=n+3
The equation xry=n
nx+n-1)y=n>+2n-2
Have a solution y -
y=n—-2

x+y=n+3
The equation Y
nx+m-1)y=n>+2n-1
Have a solution y x=2
y=n+l

x+y=n+3
The equation { Y

nx+(n—-1)y=n"+2n

y=n
Form > n >1, there are many adjacent strong
chromatic number of P,vP,P,vC, and C,vC, .In

Have a solution y{

this paper we have the adjacent strong equitable
chromatic number of P, vP,PvC, and C,vC,, the

others terminologies refer to [9-10].

2 Adjacent Strong Edge Coloring of
P, VP,

THEOREM 1Forn 22, 5' (P v P)=n+3.
ProofThere are four cases to be considered.
Casel Whenn =2 then p, v P, = K4 (complete
graph with order 4), it’s true by [6].
When 3<n<6,A(P, v P)=n+2.ByLemma
1,we need to prove thatexist an =3 —ASEEC.
LetP and P be wuu,---u,andvy,---v,.
Case2Whenn =3, amapping [ from E(P,v P)
to{l,2,3,4,5, 6} is defined as follows:
Suv) = fuv) =15 fv) = f(vy,) =2;
Suvy) = fluuy) =35
Supy) = fup,) =4 ;f(ulvz) = fuy) = f(uzv;) =5;
Sy)=f(vv;)=6.
Obviously, fis 6 —ASEECof pvp,.
Case3 Whenn = 4, a mapping f from g(p, v p) to {1,
2,3,4,5,6,7} is defined as follows:
fuyv)=i,i=1,2,3,4;
Sy)=i+j+1i=23;j=12,3,4;

Suy) =5 f(uy,) =3
f(”4v3) =7;f(”4v4) =1;

Suu,)=f(vy,) =7,
Suu) = f(v,v;) =1,
f(u3u4):f(v3v4) =2,

For such f, we have:
Clu,) ={5,6};C(u,) = {3,6};
C(v) =1{2,6};C(v,) ={3,5};
Cluy) ={2};C(u;) = {3};
C(vy) ={6};C(vy) ={4}.
Where
Cw) = {1,2,3,4,5,6,7}\ C(w),
we {u, uy,uz,u, U v, vy, v,,v, )
So fis 7=ASEECof p, v p,. The conclusion is true.
Cased4 Whenn =5, a mapping f from g v p) to
{1,2,3,4,5,6,7, 8} is given as follows:
Sw) =6 f(wy)=j,j=2,34 f(uys) =5
Juy)=i+j-Li=2,34;j=12,3,45;
Slusv) =5 f(uu,) = f(usv,) =7,
Suuy) = f(vvy) = fusvy) =8
Sluu) = f(vyvs) = fusv,) =1 fusvs) =4
Suus) = f(vyv,) =251 (vvs5)=3.
For such f, we have:
C(u) ={1,8};C(u,) ={i—1},i =2,3,4;
Clus) = {3,65;C () = {L,7};
C(v,)={i+4},i=2,3,4,C(vy) ={1,2}.
C(w)=1{1,2,3,4,5,6,7,8}\ C(w),
welu, |i=1,2,3,45Uv,|j=1234,5"
So f'is 8=ASEECof P, v P,. The conclusion is true.

Where

Case5Whenn =6, a mapping f from g v p)to {1,
2,3,4,5,6,7,8,9} is given as follows:
Suy) =5 fuy,) =7, fuy;) =2
Sy, =9; f(uys) =4; f(uys) =6
Sv) =9 f(uv) =8; f(uy) =4
Susv) =3 f(uey) =6
f(ul.vj) =i+j-1,i=2,3,4,5j=2,3,4,5;
S ugv,) =8; f(ugv;) =3;
Sugv,) =2; f(ugvs) =1; [ (ugvs) =T,
S (u,ve) =8; f(uyve) =9;
Suve) =3; f(usve) =5;
Swuy) = fuu) = fvw)=7F(vv,)=1
Suyus) = fluus) = f(vve) =2
Svs) =3 f(usug) =4; f(v,v;) =9.
For the f, we have:
Cluy) =1{3,8};C(u,) = {7}; C(uy) = {3};
Cluy) =19} Clus) = {1}; Cug) = {5,9};
C(v) =1{2,7};C(v,) ={2};C(v;) = {8};
C(v,) ={4};C(v5) ={5};C(v6) = {1,4}.
So, the f'isa 9 —ASEECof p P, the Theorem 2 is true
when n=6.
Case6 Whenn>7.
Subcase 6.1 When = 0(mod 2) .Suppose
n=2k,k>2.
From Lemma 5, P v P, exists a perfect matching Mj;
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PV PY\uu,, )\ M, exist a prerfect matching M,;
(P v P\ fuyu, 1\ CJM. exist a prerfect matching a7 ;
n n 2 K+. izl i

k . .
(P v P)\{u,u }\ UM, eXist a prerfect matching jy, ;
i=1

k+22

k+1 . .
(P.v PO\ v, )\ UM exist a prerfect matching js
n n 12 % k+ i
i=1

M. s exist a prerfect matchin .
(P,v PO\ {vyou 3N UM, p EM,.s;
i=1

(P.v P)\{v,,u 1\ U o, exist a prerfect matching a7, ;
Let 1 be as follows
VeeM,, f(e)=i,i=1,2,"--,n+3.
Obviously, f'is a(n+3) — ASEECOfp, v P, .
Subcase 6.2 When 7 = 1(mod 2) .Suppose
n=2k+1,k>3.
From Lemma 3,we can learn p, \/ P, exist a perfect
matchingM;
(P, v P)\{u,u,,,}\ M,, exist a prerfect matching a7,;
(P P\ iy, 13\ CJ M, exist a prerfect matching a7 ;
bt

k . .
(P v PO\ {u,u, 3\ UM, EXIsta prerfect matching ys,
i=1
e+l . .
(P v P\ {v,u )\ UM, cXista prerfect matching yz, ,;

M. s exist a prerfect matchin .
(R,VP}T)\{VZ,M,M}\UML, p EM,.s;
i=1

k+3 . .
(P v P\ {vy,u, )\ U Ml’ex1st a prerfect matching ys, ,;
i=1

k+2 . .
(P.v P\ {u, 3\ U, eXista prerfect matching ps ;
i=1
(P.v P\ {v,.u }\L”JM exist a prerfect matching ps, ;
n n > %n—1 i n+3°
i=1
(P.VP)\{v,v }\U M exist a prerfect matching pr ;

BV PN noz M, exist a prerfect matching s
i=1

Let 1 be as follows
VeeM,, f(e)=i,i=12,,n+3.
For y we have
C(u,)=C(u,,)=1{i+1},i=2,3,---,k;
Cluy) =2,k +2},Cu,) = th+2,n+3};
Cv)=C(v,,)={k+1+i},i =23,k
COv)=th+3,n+2},C(v,)={k+2,n+3}.

n,i=1
El|=
n—1,i=2,3,---,n

So, fisa(n+3)—~ ASEECofpP v/ P, .
For above reasons,the theorem 1 is true.

And

3 Adjacent Strong Edge Coloring
PVC,

of

THEOREM 2For; > 3,

n+3,if n=0(mod2)

n+4,if n=1(mod2)

Proof If 7 = 0(mod 2) ,suppose n =2k, k>2.

By lemma 1,we should only proof p \ ¢ exist(n+3)

—ASEEC.
By lemma4,p \c, existstwo perfect matching

M Myand M, NM,=D.

Zue(B,VC,) ={

* s exist a prerfect matching py -
(P, v CH\uy,u, N \UM,, p EM;;
i=1

3 . .
(P v C )\, \UM,, €Xist 2 prerfect matching ps,;
i=1

k+1 . .
(P v C)\ fu,,u 1\ U M, EXISta prerfect matching s
n n >%n i > n+22
(P v CH\{u,u }\AOZ M, exist a prerfect matching s, _;
n n >%n e ) n+3?
EVEI I A-Uz M, exist a prerfect matching ps_;
i=1
(P O\ vy, 1 U M, exist a prerfect matching p7,_;
i=l
(P v CH\ v }\"02 M, exist a prerfect matching ps__;
n n >'n e ) n+3°
Let f be as follows
VeeM,, f(e)=i,i=12,"--,n+3.
For f we have
Cu)=Cu,,)={i+1},i=12,k;

Co)=C) = th+1+i},i =12k
And

i

B {n,i =1
n—1,i=2,3,n+2.

So, fisa(n+3)~ ASEECofP v C, .

Ifn = 1(mod 2) ,we need proof 4/ (P, vC )>n+4
first. By lemma 3, we have 7 (PVC)=n+3-

Let fis a(n+3) — ASEECofp v C,. By lemma 3,
P v C, must have perfect matching after dismiss two
vertices they are not adjacent iny,v, ---v . For
n =1(mod?2), there must have a perfect

matching.Let’sone vertex inu,u; -+ -u, , and another

n
vertex inv,v, ---v, .Thus
Cluy )=C(v;y ),2<iy <n—11< j,<n.
fisalsoa(n+3)—ASEECof P, v C,, It is contradictory.So
2 (PVC)2n+4, let we give a(n+3) — ASEECofP v C,.
Let f be as follows
fluy)=i+j-1(mod n+4),
i=L2,-n-1j7=12,---,m
Sf(u,v,)=n+i+1(mod n+4),
i=1,2,---,nm
fuu, )=n+i+ 2(mod n+ 4),i=12,---,n-2;
S, u,)=n=3f(uu)=n+1
Sy, )=n+i+3(mod n+4),i=1,2,---,n-1;
For f, we have

02033-p.3
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Cu,) = {n+2,0};C(u,) = {i —1,n +i(mod(n +4))},
i=2,3,-,n—-2;

C(u, )={n—-3,2n—1(mod(n +4)};C(u,) = {n—1,n};
Cv)={n, n+1,n+3};
C(v,)={n—1,2n—1(mod(n + 4)),2n(mod(n + 4))};

C(v)) ={n+i—1(mod(n+ 4)),
n+i(mod(n+ 4))},i=2,3,n—1.
So fis a(n+4)*ASEECOan vC,-

Hence the conclusion is true.

4 Adjacent Strong Edge Coloring of
C vC,

THEOREM 3Forn > 3 then
n+3,n=3 or n=0(mod2)

Zuse(C, Vv C,) =
n+4,n>5 or n=1(mod2)

ProofSupposing the two cycles are uu, - - -u,u, and
vV, -++v v, with separately.
Whenn=3,C,vC, =K, (complete graph with order 6),

can be seen in appendix.

Casel n = 0(mod2) by lemma 1,2,4, C, v C, exist
three perfect matching M;,M,,M3and
M,NM,=M,N\M,=M,N\M,=D.

Whenn =4, let’s f as be follows:

Suy) = fuu) = fvv)=fv,v) =T,

Suv,) = fuyv) = f(uzvy) = fu,) =6

Suvy) = fluyv,) = fluv) = fuvs) =5;
Sy = fvy) = fuu,) =4
Slup,) = fuv,) = f(uv,)=3;
Svy) = f(uv) = f(vv,) =2
Suyvy) = f(uyv) = f(vyvy) =1

So fisa 7 — ASEECofC, v C,.

Whenn=6,

(Cov C)\ fu )\ U M, exist a prerfect matching y/,;

(Co v C)\ )\ U M, exist a prerfect matching j/,;
i=1

(Co v O\ futys )\ CJI M, exist a prerfect matching a7 ;

(Cov C g, )\ L;J M, exist a prerfect matching y7, ;
pu

(C,v T\ 033\ ¥ M, exist a prerfect matching o7 ;
i-1

(Cov CH\ (v, U M, exist a prerfect matching a7 ;
i=1

(Cov CH\ vy} \ D M, exist a prerfect matching y/,;
i=1

Let 1 be as follows
Vee M, f(e)=i.

So fisa9 — ASEECofC, v C,.

can proof C, v C, exist (n+3)

—ASEECwhen n =0(mod2)andn>8.

4, C,vC, exist

matchingM,,M,,M;and

Similarly we

By lemma three perfect

MOM,=M,\M, =M, M,

=@ .Supposen =2k, k>2.
(€ v C\ i, 3\ 0 M, exist a prerfect matching y/,;

) . .
(C,v €\ s, \ UM, exist a prerfect matching p/,;

(€ v C I AD; M, exist a prerfect matching a7, ;
i=1

k450

(C v C\ fv,v }\@ 47 €xist a prerfect matching 3/
n n 12 Vhe+l I
i=1

CVEN {vk,vn}\U M"exist a prerfect matching ys
i=1

Let f be as follows
VeeM,, f(e)=i,i=12,---,n+3.
For f we have
Cu) =Cluy,)) ={i},i=1,2,--,k;
Cv)=Cv,,) =tk +i+1},i =12, k.
And

n—1i=4,5-,n+3.
So, fisa(n+3)— ASEECofcC, v C,.
Case2 n =1(mod2)andn =5, We proof
2 (C,vC ) Zn+4
If ;' (c,vC,)=n+3, there are at least 3 colors

i

{n,i=1,2,3;
E -

represented at every vertex. For‘ E(C, Vcﬂ)‘: n* +2n ,andeach

vertex lack just one color and the vertices lack the same
color in a same cycle and not adjacent,and nis an odd, so

it is not possible that odd number vertices lack same color.
For the edge number of ¢ v C,,the number of vertices

lack same color just an even. So there must have two
vertices in two different cycle lack same color. It is
contradictory. Thus ,/ (c vC,)=n+4whenn=1(mod2).

Let 1 be as follows: the edges of u,u,,u,u,, -, u, u, are

n—-1
coloring colors with » + 3,n + 4 rotate, the edges of
VV,,V,Vv5,0 0, v, v, are coloring colors with n+4,n+3 rotate;
Su,)=fvy,)=n+Lf(wyv,)=j,j=L2"-n;
Sy,)=i+ j(wheni+j>n+2,
then mod n+ 2),i=2,3,--.n—1j=12,---,n;
fwy)=n+ 2 f(uyv)=j-1j=2,3, n
For the ', we have
Cu)={n+2,n+4};C(u,)={i—1,i},
i=2,3,,n—1,C(u,)={n, n+3}(n=1(mod 2));
COv)={2,n+3};C(v,) ={i+Ln+i}(when i+ j>n+2,
take mod n+ 2;6(\1”) ={n, n+4}(n=1(mod?2)).
So, the fis an+4—-ASEEC ofc, v c,, the theorem 3

is true.
From all of above, the theorem 3 is true.
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