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Decentralized Variable Gain Robust Controllers with Guaranteed L2 Gain
Performance for a Class of Uncertain Large-Scale Interconnected Systems

with State Delays

Shunya NAGAIa, Hidetoshi OYA and Tomohiro KUBO®

Tokushima University, 2-1 Minamijosanjima, Tokushima, 770-8506, JAPAN

Abstract. In this paper, we propose a decentralized variable gain robust controller with guaranteed L, gain
performance for a class of uncertain large-scale interconnected systems with state delays. The proposed decentralized
robust controller consists of a fixed gain and a variable gain tuned by parameter adjustment laws. In this paper, it

is shown that sufficient conditions for the existence of the proposed decentralized variable gain robust control system

are given in terms of LMIs. Finally, a simple illustrative example is shown.

1 Introduction

In order to design control systems, the derivation of a
mathematical model for the controlled system is needed.
However, there inevitably exist some gaps between the
controlled system and its mathematical model. Therefore,
robust control for uncertain dynamical systems has been
widely studied and a great many results have been
obtained on the problems of robust stability analysis and
robust stabilization (e.g. [1] and references therein).
Moreover, several variable gain robust state feedback
controllers for uncertain systems have also been proposed.
(e.g. [2], [3])- In the work of Oya and Hagino[2], a robust
controllers with adaptive compensation inputs which
achieve not only robust stability but also satisfactory
transient response has been proposed. Additionally, a
robust controller with adaptation mechanism has been
suggested and the robust controller is tuned on-line based
on the information about parameter uncertainties[3].

On the other hand, due to the rapid development of
industry in recent years, controlled systems become more
complex and such complex systems should be considered
as large-scale interconnected systems. Thus decentralized
robust control of uncertain large-scale interconnected
systems has also attracted the attention of many
researchers (e.g [4]-[6]). In Mao and Lin [6] for large-
scale interconnected systems with unmodelled
interactions, the aggregative derivations are tracked by
using a model following technique with on-line
improvement, and a sufficient condition for which the
overall system when controlled by the completely
decentralized control is asymptotically stable has been
established. Furthermore, Nagai and Oya [7] have
suggested a decentralized variable gain robust controller
which achieves not only robust stability but also
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satisfactory transient behavior for a class of uncertain
large-scale interconnected systems with state delays.
Additionally, a decentralized variable gain robust
controller with guaranteed L2 gain performace for a class
of uncertain large-scale interconnected systems has also
been proposed[8].

In this paper, on the basis of existing results[7], [8],
we propose a decentralized variable gain robust controller
with guaranteed L2 gain performance for a class of
uncertain large-scale interconnected systems with state
delays. For the wuncertain large-scale interconnected
system with state delays, uncertainties and interactions
with consideration satisfy the matching condition. The
proposed decentralized robust controllers are composed
of a state feedback with a fixed gain matrix and a variable
one determined by parameter adjustment law. In addition,
LMI-based sufficient conditions for the existence of the
proposed decentralized variable gain robust controller are
derived.

This paper is organized as follows. Notations and
useful lemmas which are used in this paper are shown in
Section 2, and in Section 3, the class of uncertain large-
scale interconnected systems with state delays which are
considered in this paper is introduced. The main results
are presented in Section 4, i.e. LMI-based sufficient
conditions for the existence of the proposed decentralized
variable gain robust controller are presented. Finally, a
simple illustrative example is included.

2 Notation and Lemmas

In this section, we introduce notations, and useful and
well-known lemmas (see [9], [10] for details) which are
used in this paper as well as the existing work [11].
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In the paper, the following notations are used. For a
matrix X , the inverse of the matrix X and the

transpose of one are denoted by X' and X7 ,
respectively. Additionally /,{X} and /, mean
X+X" and n
respectively, and the

-dimensional identity = matrix,
notation  diag(X,,...,X,,)
represents a block diagonal matrix composed of matrices
X, for i=1,...,M . For real symmetric matrices X
and ¥, X >Y (resp. X =Y ) means that X —Y is

positive (resp. nonnegative) definite matrix. For a vector
aeR", ||a|| denotes the standard Euclidian norm, and

for a matrix X, ||X " represents its induced norm. The
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symbol ¢ *
inequalities.

means symmetric blocks in matrix

Lemma 1: For arbitrary vectors & and [ and the

matrices X and Y which have appropriate dimensions,
the following inequality holds.

20" XA1)YB < 2| X7 o Y5
where A(f) € R™ is a time-varying matrix satisfying the
relation HA(t)H <1.0.

Lemma 2: (Schur complement) For a given constant
real symmetric matrix @ , the following items are
equivalent.

. _ @11 @12
(1) @ - T > O s
@12 @22
(i) ©,>0and O,,=60,,-60.6,'6,,>0,
(iii) @,, >0 and &, =6, -O,0,)0], >0.

3 Problem Formulation

Consider the uncertain large-scale interconnected system
with state delays composed of NV subsystems described
as (1)

%xi (t) = Aii (t)xi (t) + i Aii (t)x./' (t)

+iHU(t)xj(t—hij)+Biul.(t)+Fxla)i(t),

=1
z,(t) = Cox, (1) + ]_; @, (2).
)

In (1), x;(t) e R", u,()eR™, z,(t) € R” and
o, (t) € R are the vectors of the state, the control

input, the controlled output and the disturbance input for
the i-th subsystem, respectively. Besides,

X(0) = (5 (@, x5 ()5 u@) = (] (@), u ()"
() = (2 (©),...,z (O)" and
o(t) = (a)lT ®),.. .,a)g (t))" are the state, the control
input, the controlled output and the disturbance input of
the overall system. The matrices A, (¢) , 4;(¢) and

H ;(t) are given by

Aii (t) = Az‘i + Bz’An (t)Li’
Aij(t):BiDij +BiAij(t)Mij9 )
Hi/‘ ()= BiEij + Bl.Ahi]_ (t)Nh,.,. s

i.e. the uncertainties, the interactions, and coefficients of
state delays satisfy the matching condition. In (1) and (2),

the matrices 4, € R , B, e R"™™ | C, e R,
I eR" and I, € R"™ are known system

M. Eij and

parameters and the matrices L, , D § o

l‘j' b

which have appropriate dimensions represent the

N, which h ppropriate d p t th
Y

structure of uncertainties, interactions and state delays.

Additionally, A, () e R™ ,

A.(1) € R™ and 4,,(1)eR™"  denote unknown

matrices

parameters satisfying the relations "Aﬁ(t)"SI.O ,

"Al.j (t)” <1.0 and 4, (t)” <1.0 respectively.

Now for the i-th subsystem of (1), we define the
following control input.

u, (1) = Fx,(1)+ G, (x;,0)x,(?) (3)

In (3), F, e R™™ and G, € ™™ are the fixed

compensation gain matrix and the variable one for the i
th subsystem of (1). From (1), (2) and (3), the following
closed-loop subsystem can be obtained.

%xi (= (Aii + BiFi )‘xi )+ BiAii (t)Lixi ()

LBYD, +4,0M,)x, ()

J#i

N
+ B, ) (Ey + A, (N, )x (¢ = hy)
J=1

+1, 0,(t) + B,G,(x,,0)x, (7).
“4)

Now we will give the definition of the decentralized
variable gain robust control with guaranteed L2 gain

performance " >0 [12].
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Definition 1: For the wuncertain large-scale
interconnected system of (1), the control input of (3) is
said to be a decentralized variable gain robust control

7" >0 if the
resultant closed-loop system of (4) is internally stable,

with guaranteed L2 gain performance

and H_ -norm of the transfer function from the

disturbance input @(t) = (@, (¢),...,0. (t))" to the
controlled output z(¢) = (2 (£),...,z5 ()" is less
than or equal to a positive constant "

By using symmetric positive definite matrices
P, e R™™ and P, € R"™ , we consider

N
V(x,0)= Y Vi(x,,0) 5)
i=1

where V,(x;,,t) is defined as

gy

N t
Vit =x OPx 0+ X[ X[ (@)Fx, 036 (©)
R
Additionally, we define the Hamiltonian
_d S { T *\2 T }
H(x,1)= 7 Van+ 2 02,0~ ) of (o,()
i=1

O]

Then we have the following lemma for the

decentralized variable gain robust control with
guaranteed L2 gain performance }/* [8].

Lemma 3: Consider the uncertain closed-loop
subsystem of (4) with the control input of (3). For the

quadratic function V'(x,t) and the signals z(¢) and

(1), if there exist symmetric positive definite matrices
P eR"™™ and P, e R"™ and positive scalars y"

which satisfy the inequality
H(x,t)<0 (®)

then control input of (3) is the decentralized variable gain

robust control with guaranteed L2 gain performance ]/* .
Proof : By integrating both sides of the inequality of

(8) from 0 to oo with x;(0)=0, we obtain the

following inequality.

V(x,00)+ Z {[: 2Tz, (di—(77)? j: o (Do, (t)dt}< 0.

€]
We see from the inequality of (9) that the overall
closed-loop subsystem of (4) is robustly stable (internally

stable). Namely, robust stability of the uncertain closed-
loop subsystem is guaranteed and /1 -norm of the
function from the

transfer disturbance  input

(t) = (@] (t),...,4 (t))" to the controlled output
z(t)=(z] (t),...,z4 ())" is less than a positive

constant }/*, because the inequality of (9) means the
following relation

lz@,, <7, (10)

where 7" are given by
Y =max y; (1n)
1

Thus the proof of Lemma 3 is accomplished.

From the above discussion, our design objective in
this paper is to determine the decentralized variable gain
robust control input of (3) such that the overall system
achieves not only internal stability but also guaranteed L2

gain performance ¥ *. That is to derive the symmetric

positive definite matrices P, € R and Pij e R

positive scalars ¥ , the fixed compensation gain

F e R™™ and the variable one G, (x,,t) e R™™"
satisfying the inequality of (8) for all admissible
uncertainties 4, (1) e R™™ , 4, () eR™™ and
4,.(t) e R"  and  the
o(t) € L,[0,0).

disturbance  input

4, Decentralized Variable Gain

Controllers

The following theorem shows a sufficient condition for
the existence of the proposed decentralized control
system.

Theorem 1: Consider the uncertain subsystem of (1)
and the control input of (3). If the LMIs

HAAF+BW) [ +YC/T, + A(X)
e e o e e ?. - ..%. [ ..; e e o e

* * P ‘Ql (an gi)
(12)

*

-, Yz‘jEzyT' Yzy‘N;

* * ;_éi]rﬁ
(13)
are feasible, by using symmetric positive definite
matrices Y, € R™™  and Y, e R"™ | matrices

W. e R™™ and positive constants &, and &, which
satisfy the LMIs of (12) and (13), the fixed gain matrix

01001-p.3
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F, € R™™ and the variable one G,(x,,t) € R"™" respectively. In (12) and (13), matrices A,(Y;) and
are determined as F, = VVI.YI._l and Q7 i>Ei ) are given by

Lx,(t)|+ {g(N 1)+§NH

G, (x,,0)= N
G,(x,;,t,)
(14)
N
f—/%
AM)=(, Y, Y, Y, YC' YD YM
T T T T T T
YD, YM_, YD, YM., - YDy, YMy,),
(1)
QY,,¢)=diag¥, Y, - Yy I, &I, &l
8i—llmi_l 8[—115,»_“ 8l+11 81+11s,+1, gNImN gN]sNi )
(16)
Moreover, ¢ in (14) is given by Proof: In order to prove theorem 1, let us consider the

&

quadratic function of (5), the Hamiltonian H, (xi,t) of
(7) and the inequality of ().
For the quadratic functions Vl.(xl.,t) of (6), its time

ta :lim5>0,g—>0(t_g) [3]
Then the control input of (3) is the decentralized

variable gain robust control with guaranteed L2 gain

* rivati n mput
performance 7" derivative can be computed as

%Vi(xi,t) = O|H.{(4, + BEY PI(0) + H 1! (ORBAOLx (0} + H ! (0PBG,(x.0)x, (1))

+H X' ()P Bli(D + A (OM (0} + H { ! (t)RBii(Eij +4, (ON, (- h,.,)}

H, 5 (OPT, 0,0} + Z(x ()P, (1)~ X1 (6 b)) Py~ )

< (0)[H,{(4, + BiFi)TB}]xi (1) + 2|7 P, (0| L, 1) (17
+2x (1)PBG,(x5,,0)x,(1) + 26,(N ~ DB Px,0)] +6.N[B! P, (0]

+—Zx (O(D; D, + MM ,)x, (t)+EZx (t =y NEJE; + Ny N, )x,(t = hy)
1/ =1 i J=1
Jj#i J#i

+H W (OPT, o,0)f+ Z(x (0P, (t) = X" (¢ = b Px, (¢ )

NOte that fOr deriVatiOn Of (17), Lemma 1 and the FirstIY, we Consider the case Of BTPx(Z‘) ;éO ) In
well-known inequality this case, substituting the variable gain matrix of (14) into
20(T,B <oaTa+ lﬂT,B (18) (17) and some algebraic manipulations give the following

inequality.

for any vectors & and [ with appropriate dimensions

and a positive scalar 0 have been used.

01001-p.4
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d T T
=V, (x,,t) <x ()\H, (A, +B,F,)" P ilx,(t ) .
dt (0=t )[ {( PR Hx © Moreover one can easily see from (1) that the relation

+—Zx (DD, +M[M)x (1) (19)
i z; Dz, ~ (7)) o] (D, (1)
+fzx ((~hy XELE, + NI N, v, ~hy) = x] (VCTCpx,(t)+ H, T ()CT I @, (1)}
y {"*; onr 20) vl O\LIT, =71, o, 0)
(20)
+Z(x (OP;x ()= x] (t—hy)Pyx,; (t = h,))
holds, where y, = (}/l.*)z. Hence from (5), (7), (19) and
(20), the following relation for the Hamiltonian H (x,¢)
can be derived.
H(x,0) < Zx OEA4, +BEY Pl 0)+ Z Zx (t)(DI D, + M M,)x,(t)
i= 1 i J=1
j#i
N 1 N r N r
ZEZ’C (t = )E E; + Ny N, )x, (¢ —hy)+ ZlHe{xi ()R, @,0)]
Jj#i o1
N N
+ 3 X (OPx, (1) - ZZx (t—h,)P, J(t—hy)+2x ()C ' C.x.(1)
i=l j=1 i=1 j=1
N N
+ Y HATOCTT o0+ > ol 01T, - 71, Jo0)
i~1 i=1
In addition, the inequality of (21) can be rewritten as
(22).
H(x,1) < Zx 0|e {4, + BEY Pl (t)+ZZ—x (6)(D'D, + MM ,)x,(t)
i=1 i=l j= 1&
j#i
Ny, . N .
+ 2D (= E]E, + NN, (1= hy) + L H A OFT, 00
i= i J= i=
J#i
(22)

=1

—_

~.

+fo(;)Z(Pﬁ) 1) — ZZ (=) ij(t—hy)+2x (H)C ' C.x,(1)

~.

WA <r>cff;,.w,-<r>}+iw O\, =71, Jo

Besides, the inequality of (23) can be rewritten as

01001-p.5
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H(x,0)< ﬁ(ﬁ@j  ( i,fﬁj’si,yi)(ﬁ(fszLﬁiix (t—h(ELE, + NI N, ~5,P)x,(t~h) 23

@,(?)

i=1 i J=1
J#L
where (B, F, &,7,) is given by
& i
T T
{4,+BF) PJ+C'C, +Z (DLD, +MIM )+ (P,) | BI, +CIT,
SU(B’Pz‘j,gi??/i): j; = |
———————————————————————————————————————————————— b
T
* ; 1_'21‘ 1_'21' _7/’ 9qi
24
Therefore if the following matrix inequalities holds, Finally, we consider the matrix inequalities of (25).
then the relation of (8) for the Hamiltonian is satisfied. By applying Lemma 2 (Schur complement) to the first
matrix inequality of (25). we can obtain
¥(P.F,&,7,)<0 and (ETE, + N N, —5,P,)<0-
(25)
Next we consider the case of B,.T Px,(t)=0. In this
case, one can see from (17) and (20), the definition of the
control input of (3) and the variable gain matrix of (14)
that if matrix inequality of (25) holds, then the relation of
(8) is also satisfied.
x [ N
r i e
H{(4, +BF) P}+CC, +Z:g D+ MM ) R, +CIT L T, e 1,
J
Jj#1 : :
”””””””””””””””””””” « A I 0 0 0 <o
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx T’**ZL*EI**ZL*‘&T’*****xxxxxxxxxm )
| K 0
i L0 P
* ! % !
| | 0
i i -1
x 0 0 Py
(26)
Furthermore by introducing the matrices Y, = Pfl, of (25 by diag(y,, [ > I,, -+, 1,) and Y[j
— p-l — tivel have the following i lities.
Yi/‘ = Pt/ and W,=FY, and pre- and post- respectively, we have the following inequalities

multiplying both sides of (26) and the second inequality

01001-p.6
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| | N
| [ —
H,{(A,Y, + BW, }+Y,C] CY+Z Y(D;Dﬁ+M;Mﬁ)z LAYCIT Y, e Y Y,
A S [
* T —yd, 10 0 0
e ’T""""""""“’”‘"’(‘)"
: : Li
; ; 0 2i .
* | * [
| | ’
! 1 0 0 Y,

<0,

27)

r r : . . _
Y, (E;E, + Nhy Nhy )Yu _5inj <0 (28) dimensional subsystems, ie. N =3 . The system

parameters under consideration are given as

Thus by applying Lemma 2 to (27) and (28), we find
that these inequalities are equivalent to the LMIs of (12)
and (13), respectively. Therefore by solving the LMIs of
(12) and (13), the fixed gain matrix is determined as

F, = VVinl , and the variable one is given by (14). Thus

the proof of Theorem 1 is accomplished.

5 Numerical Examples

In this example, we consider the uncertain large-scale

interconnected system consisting of three two-
1.0 0.0 1.0 1.0
B, = B, = , B, = A
-3.0) 1.0 1.0 1.0

-1.0 1.0 0.0 1.0
4, = , Ay, =
00 1.0 -1.0 =10/
1.0 1.0 2.0
. D . D, = . Dy = , Dy, = ’
0.0 1.0 1.0
0

<

1.0 1.0 1.0
LT _ i LT — , LT _ T
: [0.0J ’ [Z.OJ 3 (1 0] v (
0.0 2.0 0.0 10 Lo
D :(2.0} M :(1.0} iy = ( j M, = J Mo _[3 Oj M :(20} - :[LO}

1.0 1.0 2.0 : 2.0 1.0 0.0 2.0
El=| CLEL=| LEL=\ "L EL=| L EL=| T LEL =] LEL=| L EL =T,
O O g ) X g A o o o b X b
1.0 3.0 0.0 1.0
ET — _ NT NT = ’NT _ ,NT _ ’NT _ i
lonh ol lioh ol faa) o
2.0 0 0 1.0 1.0 1.0 1.0
N[— S g o ,Fx= L= RO = G =BG =)
I G () O () A § UV S V0 X) SN 0.0 1.0 1.0

r, =10, I, =1.0,I, =1.0.

Firstly, by using Theorem 1 we design the proposed
decentralized variable gain robust controller. By solving
LMIs of (12) and (13), we have

01001-p.7
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v 1.0047x10> 1.8667x10" (1.3464x10*  7.8244x107°
! * 1.3780x10%> ) ° * 1.3460x10> |
1.3441x10° —4.4497x1072 -1.3793 -1.3793
Y3= X X ,VVIT= ><102,W2T= ><101,
* 1.3458x10° ~2.0519 ~2.0519
. (-2.0418 , 1.0157 —4.5676 1 9.0619 —4.3787 1
W, = x10°, Y, = x10', Y, = x10°,
3.3353 * 5.5900 * 9.0621
6.5473 —4.7474 1 8.5075 —4.9562 1
Y= X105, 1y, = x10°,
* 5.3610 * 8.5075
2.5941x10" —4.0509x10" 9.2729  0.0000 1 9.1729  0.0000 1
Yzz: ,Y23= X > 431 = x10°,
* 1.1506x10> *  1.6562 *  3.6904
3.0817 —3.6599 1 4.0998 —3.5477 ,
Y,, = x10', Y,, = x10
* 7.2644 * 1.1195

g =7.8221, &,=4.5591, &, =2.9293, o, = 2.7308x10%, 0, =2.3822x10?, 0, = 2.5028x107,
¥, =6.5765, y, =3.2952, y, =5.2439.

Thus the fixed gain matrices F] eR" can be

computed as

(30)

F =(~1.1245 —1.3367), F, =(~5.0451 4.9566)x10', F,=(-1.5183 2.4728)

and the variable one G, (x,,t)€R"® can also be

derived. Furthermore, the positive scalars 7, =,/y, can

be obtaind as

i =25645 7, =18153, yi=2.2900.

(32)

Therefore, guaranteed L2 gain performance

Yy = mlaX ¥; via the proposed controller is given by

y' =2.5645 (33)

Thus we can see that the proposed decentralized
variable gain robust controller with guaranteed L2 gain
performance can be obtained by solving LMIs of (12) and

(13).

6. Conclusions

In this paper, for the uncertain large-scale interconnected
system with state delays, we have proposed a
decentralized variable gain robust controller which
achieves not only robust stability but also guaranteed L2
gain performance.

In the future, we will extend the proposed controller
to the design problem for such a broad class of systems as

€2))

large-scale systems with mismatched uncertainties, large-
scale systems with Lipschitz nonlinearities and so on.
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