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Abstract. A model accounting for the microstructure of porous TiNi shape memory alloy samples fabricated by self-
propagating high temperature synthesis has been proposed for simulation of their functional-mechanical properties. 
Structural elements of a porous sample have been approximated by curved beams. An analysis of shapes and sizes of 
pores and ligaments permitted to identify characteristic sizes of the beams. A mathematical object consisting of 
rigidly connected small curve beams has been considered. The stress-strain state of a beam was estimated by the 
classical methods of strength of materials. The microstructural model was used for calculation of the phase 
deformation of the shape memory material. Simulation of stress-strain curves and phase deformation of a porous TiNi 
sample on cooling and heating under a constant stress has shown a good correspondence between the experimental 
data and the results of modeling.  

1 Introduction  

Owing to their low density, large surface area, high 
permeability and good biocompatibility, porous TiNi
shape memory alloys (SMA) show great promise in bone 
implantations [1 - 3], actuators [4], damping devices [5] 
and even for hydrogen isotope separation and purification 
[6]. Development of techniques for control of porous 
structure [7] opens new prospects for applications. In 
order to make the most efficient use of this promising 
material, correct methods of calculation should be
applied.

For calculation of the mechanical behavior of porous 
media methods of mechanics of composites are usually 
used [8]. D. Lagoudas [9] divides these methods into two 
groups: approaches involving application of 
micromechanical averaging techniques (like Mori-Tanaka 
method [10] or self-consistent method [11]) and the 
approaches based on the identification of a unit cell 
representative for the whole composite [12]. The second 
usually demands the finite element method to solve the 
corresponding boundary-value problem and deduce the 
effective properties. 

Modeling of functional behavior of porous SMAs is 
complicated by phase deformation due to martensitic 
transformation. Among existing models one can single 
out the macroscopic [13 - 16] and the microstructural 
microstructural [17-19] ones. Macroscopic models are 
distinguished by few constants and high computation 
speed. Therefore they are usually used for simulation of 
porous SMAs in the frames of the mechanics of 
composites and the finite element method [9, 20-24]. At 
the same time macroscopic models have limited
possibilities as they take the material structure into 

account but indirectly. For example, all the works 
mentioned above can describe only isothermal 
deformation of porous SMA. Microstructural models 
consider material structure with an account of the
physical mechanisms of deformation of individual 
structural elements. This results in a better description of 
SMA behavior at different thermal and loading 
conditions. The flip side of microstructural models is that 
they take a lot of computing time and thus are poorly 
applicable for solving boundary-value problems.

In the present work we used an earlier developed 
microstructural model for calculation of the phase 
deformation of an SMA [25-27]. In these works it was 
shown that this model allowed describing such functional 
properties of SMA as pseudoelasticity, pseudoplasticity 
(ferroelastisity), transformation plasticity and shape 
memory effect. To avoid solving a complicated 
boundary-value problem for a representative element we 
supposed that its functional behavior as a whole is 
determined by that of the mostly strained region. Since
the microstructural model is suitable for description of
not only TiNi-based SMAs [28, 29], this approach seems 
to be proper for different porous SMAs with similar
structure.  

2 Model  

In order to select a representative element for a porous 
SMA an analysis of longitudinal and transverse sections 
of samples fabricated by self-propagating high 
temperature synthesis [1] has been performed. It was 
supposed possible to approximate the structural elements
of the porous sample by curved beams (Figure 1)
characterized by the radius R, the central angle � and the 
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cross sectional dimensions �� and ��  (the ligament width 
and height, respectively). It was assumed that the porous 
structure can be considered as a group of such curved 
beams. So the problem of the porous sample deformation 
was reduced to the task about the deformation of a
cascade of curved beams. We supposed that the beams in 
the cascade were connected rigidly and the longitudinal 
displacement of the cascade on compression is realized 
along their common chord (Figure 2). Only the bending 
deformation of the beams was taken into account,
buckling was not considered. It was also accepted that the
bent line of a beam was a circular arc during all
deformation process. An assumption of a rigid connection 
was realized by the demand that angular deflections of
beam ending cross-sections be zero. So a statically 
indeterminate curved beam loaded along its chord by the 
force P was examined for calculation of the bending 
moment M and normal stress � and their relations with R
and � for an arbitrary cross-section corresponding to the 
angle � = �*. It was found that the maximum normal 
stress ����was in the middle cross-section at �*= �/2.
For a beam with rectangular cross-section with width b

and height h

���� = 	 

�� + 
��� ������ ���� �

�� ����
�

��������� �
�� ����

�
.  (1)

Figure 1. The longitudinal section of porous TiNi sample 
fabricated by self-propagating high temperature synthesis [1] 
and selected representative element with the radius R and the 
central angle �.

Figure 2. The scheme of a representative volume.

Modeling was carried out step by step. Given the 
force increment �P we obtained the increment of the 
maximum stress �����(�) for i-th beam in the cascade. 
Then using the microstructural model [25, 26] we found 
the increment of deformation ��(i). Substituting this value 
into the formula for the deformation of a small curved 
beam we calculated the new values R(i)�, �(i)�of the beam 
radius and the arc angle.  

The longitudinal displacement of the i-th beam along 
its chord is 

 !(�) = 2"(�)sin �(#)
 	 2"(�)$%&' �(#)*

 . 
Here R(i) and �(i) are the beams radii and arc angles on the 
previous step (the initial values at the first step).

Increment of the deformation of the whole sample is 

 E = , -(#) .(#)#, -(#)/0(#)# , 

where 1(�) is a number of beams with R(i)
’ and � (i)

’ in the 
cascade, 34(�) is the initial chord length of the i-th beam.

Determine the macroscopic stress as
� = 
�

5(6�7)�, 
where 8� is the force applied to the whole sample, S is the 
cross-section area of the sample, p is the porosity 
measured by the random secant method. Then the relation 
between the local force P applied to the cascade and the 
macroscopic stress � can be written as

� = 

���:(6�7). 

We supposed that if the local stress ����(�) in the i-th
beam reaches some critical value �* this beam fails. This 
leads to an increase of the total deformation of the sample 
by the value

�E = /*(#)
, -(#)/0(#)# , 

where 3;(�) is the i-th chord length on the step, at which
failure occurred. This failure also results in an increase of
the stress applied to the rest of the sample. As the real 
sample can be considered as a set containing large
number k of parallel connected cascades we considered
that when a beam failure occurs the current macroscopic 
stress value �< on the next step should be multiplied by 
k/(k – 1):

� = �<  >
>�6. 

In this way we indirectly took into account the 
complicated structure of the porous sample.

3 Simulation  

3.1. Determination of model parameters

More than 100 measurements based on Figure 1 [1] were 
carried out to determine characteristic dimensions of 
beams – radii R and central arc angles �. The beams for 
the representative cascade were chosen by the way to 
reproduce the real structure of the sample. The 
parameters selected for modeling are presented in the 
Table 1. No significant differences of the beam cross-
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section dimensions were found, so we used �� = 1.4 mm, 
and �� = 0.7 mm.

Table 1. Parameters of the beams cascade. 

R, mm 1.7 2.9 4.6 7.1 11.9
���rad 1.5 1.2 1 0.9 0.6

number of 
beams in 

the cascade

28 10 3 28 16

The following values of the microstructural model 
were used: the characteristic temperatures of the 
transformation Mf = 347 K, Ms = 330 K, As = 362 K,
Af = 379 K, the latent heat of the transformation 
q0 = - 160 MJ/m3. Microplastic deformation 
(accommodation plasticity) and plastic deformation were
also taken into account.

Calculations were made for the porosity p = 61%, the 
critical stress �* = 700 MPa, number of parallel elements 
k = 102.

3.2 Results of modeling  

The stress-strain diagrams for the sample in austenitic
and martensitic states as well as the experimental curvesa

are presented on Figure 3. The polygonal character of the 
model curves is due to the consecutive failure of the 
“weak” beams.

Figure 4 illustrates the transformation plasticity and 
the shape memory effect at cooling and heating under a 
constant compressive stress. It was revealed that the 
significant irrecoverable deformation at cooling and 
heating under the stress 200 MPa is induced not only by 
the accommodation and active plasticity but also by the
failure of “weak” beams.  

One can see that results of modeling both for 
isothermal and non-isothermal conditions are in a good 
correspondence with the experimental data of S. Belyaev 
and N. Resninaa. 

4 Conclusions

The proposed model based on the elementary theory of 
bent beams and the microstructural model of SMA 
deformation allows describing compression stress-strain 
diagrams of the porous TiNi sample in the austenitic and 
in the martensitic state. This model also describes the 
strain accumulation on cooling of a specimen under a 
constant compression stress (transformation plasticity 
effect) and its reverse on heating (shape memory effect).

Generally, the approach under consideration is 
suitable for different types of primary elements of porous 
SMA and different kinds of loading. Combination of a 
proper mechanical problem and the microstructural 
model should give a possibility to calculate functional 
properties for various smart porous structures with 
different types of pores and ligaments [22, 30]. 

a The experimental results kindly presented by S. Belyaev and 
N. Resnina are to be published soon.

a)

b)

Figure 3. Stress strain diagrams for compression at 413 K (a) and 
338 K (b): calculation — solid lines; experimentsa — dot lines.

Figure 4. Dependences of the macroscopic strain E on temperature at 
cooling and heating under a constant stress 50, 100 and 200 MPa: 
calculation — solid lines; experimentsa — dot lines.
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