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Assignment problem
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Abstract. Let T be a tree, Let Da(7) denote the set of integers k for which there exist two distinct vertices of

maximum degree of distance at k in T. The (2,1)-total labelling number of a graph G is the width of the smallest

range of integers that suffices to label the vertices and the edges of G such that no two adjacent vertices have the same

label, no two adjacent edges have the same label and the difference between the labels of a vertex and its incident

edges is at least 2. In this paper, we prove that if T is a tree with A>5 and 3.42D,(T) then T is Type 1.

1 Introduction

Motivated by the Frequency Channel Assignment
problem, Griggs and Yeh[1]introduced the L(2,1) -
labelling of graphs. This notion was subsequently
generalized to the L( p, q) -labelling problem of graphs.

Let p and ¢ be two nonnegative integers. An L(p,q) -
labelling of a graph G is a function f* from its vertex set
V(G) to the set {0,1,---,k} such that
| f(x)—f(¥)|zp if x and y are adjacent, and
| f(x)— f(¥)|=zq if x and y are at distance 2.
The L(p,q) -labelling number A, ,(G) of G is the

smallest K such that G has an L(p,q) -labelling f with
max { ' (v)v € V(G)} =k .In particular, we simply write
MG)=4,(G) . The L(p,q) -labelling of graphs
have been studied rather extensively in recent years
[2,3,4,5,6]. Whittlesey, Georges and Mauro [7]
investigated the L(2,1) -labelling of incidence graphs.
The incidence graph of a graph G is the graph obtained
from G by replacing each edge by a path of length 2.
The L(2,1) -labelling of the incidence graph of G is
equivalent to an assignment of integers to each element
of V(G)UE(G) such that adjacent vertices have

different labels, adjacent edges have different labels, and
incident vertex and edge have the difference of labels by

at least 2. This labelling is called (2,1) -total labelling of
graphs, which was introduced by Havet and Yu [8] and
generalized to (d,1) -total labelling. Let d >1 be an

integer. A k - (d,1) -total labelling of a graph G is a
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function f from V(G)U E(G)to the set {0,1,---,k}
such that f(u)# f(v) if u and v are two adjacent
vertices, f(e)# f(€') if e and €' are two adjacent
edges, and | f(u)— f(e)|>d if a vertex u is incident
to an edgee.

Let A(G) (or simply A ) denote the maximum

degree of a graph G . Suppose that T is a tree
with A>3 . It is easy to prove that
A+1<SAUT)<A+2 and A+ISA(T)<A+2 .
Wang [9] showed that if 7 does not contain two vertices
of maximum degree at distance either 1, 2, or 4,
then A(T)=A+1. Moreover, examples of trees 7'
having two vertices of maximum degree at distance 4
such that A(7") = A+ 2 was constructed in [10].

A star is a tree that consists of A leaves (A leaf is a

1—vertex) and a A — vertex. A generalized star is a tree
that all vertices are leaves except that two adjacent
vertices.A star is also a generalized star , the

L(2,1) —total labelling number of a generalized star is
A+1. A tree T is called Type 1 if 4,(T)=A+1 and
Type 2 if 4,(T)=A+2.Let M denote a generalized

star, a tree of order 8 consisting two adjacent 4-vertices
and four leaves. Let K|, denote the star of order 5.

Clearly, both K|, and M are Type 1.
Let7 be a tree with A > 3. We use | T'| to denote the

number of vertices of 7', and d (V) to denote the degree

of a vertex V inT . A vertex of degree k is called a k -
vertex. The vertex V is called major if d(v) =A , minor
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if dv)<A, a leaf if d(v)=1, and a handle
ifd(v) >1and v is adjacent to at most one vertex of

degree greater than one. A k -handle is a handle of
degree k. A major handle is a vertex of maxi- mum
degree that is a handle. Obviously, every tree T with
| 7|>3 that is not a star contains at least two handles.

Let /(P) denote the length of a path P . The distance

between two vertices X and y in T is the length of a
shortest path connecting them. The diameter, denoted by
diam (T'), of T is the maximum distance between two

vertices of 7. Let D, (T") denote the set of integers k

for which there exist two distinct major vertices of
distance at k in T .
A generalized star is a tree T with at least |7 | —2

leaves. Obviously, the star Klm is a special generalized
star, which has n =] Kl,n | =1 leaves. For a vertex
ueV(T), we use L(u) to denote the set of leaves
which adjacent to u . For S < V(G) , let G—S§

denote the graph obtained from G by deleting all the
vertices in S . Also a tree T is called Type 1 if

2(T)=A+3 and Type 2 if 4;(T)=A+4.
Given an edge e=vue E(T), we use 1 (e) to

represent the subtree of 7' which is rooted at the vertex
V and contains the edge €.

Lemma 1 [11]. Let 7 be a tree with A =4 thatis nota
generalized star. If 3,4 ¢ D, (T), then T contains one

of the following configurations:
(C1) A leaf u is adjacent to a minor vertex V.

(C2) A path x,x,X,x, such that d(x,)=2 and X, isa
major handle.

(C3) A path x,x,X,X, such that d(x,)=3, X, isa
major handle and X,),), is a path, where ), isa

neighbor of X, with y, is a major handle. deg(x;) =2

or 4.
(C4) A path x,x,X,x, such that X, is a major handle and

X, is a weak major handle.

(C5) A path x,X,X,x, such that X, is a major handle and
X, is A— degree, X,),), is a path, where ), is a
neighbor of X, with Y, is a major handle, the neighbor

of X, other than X, X; and ), is a leaf.

Lemma 2 [11]. Let 7 be a tree with A > 5 that is not a
star. If 3,4¢ D, (T') , then T contains one of the

following configurations:
(B1) A leaf is adjacent to a minor vertex.

(B2) A minor vertex v is adjacent to d(v) —1 major

handles.
(B3) A major handle is adjacent to a weak major handle.

(B4) A path X, X, X, X, such that X, is a major handle
and x, is A -degree, X, adjacent to A—2 major
handles at most.

2 Conclusion

Theorem 3. If T'is a tree with A>5 and 3,4 ¢ D, , then

Tis Type 1.
Proof The proof is proceeded by induction on | 7 |. The

theorem holds clearly if |7'|=5. Let T be a tree with
|T|126 , A=5 and 3,4¢D,(T) . If T is a
generalized star, it is easy to construct a (2,1) -total
labelling of 7" using the label set B ={0,1,---,A+1}.

Thus, assume that 7" is not a generalized star. We need
to diverse the following four cases.

If 7' contains (Bl), then 7 contains a leaf X,
adjacent to a minor vertex X,, then 7 —X, has a (2,1)-
total labelling f using B= {0,1,---,A+1} by the
induction hypothesis. Since d(x,)<A—1, there exist
at most A—2+3=A+1 forbidden labels for the
edge X, X, and at most four forbidden labels for the

vertex X, . By |B|=A+2, we can first extend f

to X, X, and then to X;. Hence, assume that no leaf is

adjacent to a minor vertex.
If 7 contains (B2), then T contains a
configuration: ,a minor vertex a adjacent to d(a)—1

major handles x,,Xx,,- s Xg(ar1 and the other vertex b.
Let

d(a)-1

r'=T-J Lx)vix).

By the induction hypothesis, 7" has a (2,1) -total
labelling f using B=1{0,---,A+1}.

If f(a) & {0,A+1}, then f can be extended into a
(2,1) -total labelling of 7 . Assume that
f(a) € {0,A+1}. Relabel a with a label from.

B—10,A+1 1 (b), f(ab)~1, f(ab), f(ab) +1;
Since
| B—10,A+1, f(b), f(ab)~1, f(ab), f(ab) +1}|
2|B|-6=A+2-6>5+2—-6=1,sucha
relabelling is feasible, f* can be extended to 7 .
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If T contains (B3): A major handle is adjacent to a
weak major handle. We let X, be a major handle and

handle. If f(x,) =0, we
relable X, , x; X, with 53. If f(x,) =5, we relable

X, a weak major

X,,X; X, with 0,2. Because the other adjacent vertices of
X, are leaves , we can easily conclude that T is Type 1.

If T contains (B4) : A path x,X,X;X, such that x, is
a major handle and x, is A degree, X, adjacent to

A — 2 major handles at most. We let

T'=T—{x}—L(x)+x,+a

Where a is a leaf. By the induction hypothesis, 7" has a
(2,1)-total labelling . Because in 7", f(x,)=0or 5, so

we diverse the following two cases:

If f(x,) =0, then we exchange a with X,, we label
X, X, with label in B- {0,1, f(xu,), f(xu,) -
f(xu, ) },Where u, ,u, ---,u, , are the adjacent

vertices of X, and different from X, and X, . Since

| B- {0’ 1,f(x2u1),f(x2u2),- -
S ) 2 A+L-A=

so this label is feasible. Then we label X, with 5.

If f(x,) =5, we use the same method. We

exchange a with X, we label X; X, with label in B-

0,1, f(xu), fOou,) - f(xu,,) },Where

Uy, Uy -, U, , are the adjacent vertices of X, and

different from Xx; and X;. Since

| B- 10,1, f (o), f(0,) -,
f(XZMA—z) }| 2 A"‘I'A:l,

so this label is feasible. Then we label Xx; with 0.
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