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Abstract. this paper investigated the influence of cross-coupling effects on the rubbing-related dynamics of 
rotor/stator systems, The stability analysis on the synchronous full annular rub solution of a rotor/stator system, which 
includes both the dynamics of the stator and the deformation on the contact surface as well as the cross-coupling 
terms in velocities and displacements, is carried out. It is found that some cross-coupling effects will benefit the 
synchronous full annular rubs and some will not. Based on the finding, a control method by generating cross-coupling 
damping on the stator through the active auxiliary bearing is then proposed in order to suppress the contact severity 
and avoid the rubbing instability. Numerical simulation shows the validity of the mehtod.  

1 Introduction  
In order to improve the efficiency, the gap between 

the rotor and the stator of rotating machine is setting 
smaller and smaller, while the rotor/stator rubbing 
becomes more and more common. So the rotor/stator 
rubbing is a serious malfunction in the operation of a 
rotating machine, which can seriously degrade the 
machine performance, sometime can even lead to 
disastrous malfunction of the machine. 

There are a large amount of works on phenomena of 
the rotor/stator  rubbing system, in order to get the deep 
insights into the system dynamical behaviors and their 
relationship with the system parameters. It becomes well 
known that rotor/stator rubbing can induce different kinds 
of dynamical behaviours, the periodic synchronous full 
annular rubs[1-4], sub-and super-harmonic motions [5,6], 
the quasi-periodic partial rubs[7,8], chaotic responses 
[9,10], as well as the destructive self-excited dry friction 
backward whirl [2,11,12]. 

 Since rotor/stator system rubbing is caused by some 
malfunctions that usually induce the rotor have large 
deflections, which will cover the clearance between the 
rotor and the stator, so suppress the vibration amplitude 
of the rotor is an effective way to prevent from the rotor-
to-stator rubbing, i.e., through active controlled journal 
bearings or active magnetic bearing [13-15].   

When the rotor and the stator rub is unavoidable, i.e., 
without the measures for vibration suppression or the 
failure of the measures in some extreme destructive 
condition, we still expected that the rotating system can 
adapt the changing environments and optimize its 
performance to reduce the rotor and stator rub behaviors 

which can induce degradation and, especially, to avoid 
the occurrence of the destructive instability.  

In this paper the interaction effects between the dry 
friction and the cross-coupling effects during the rotor-to-
stator rubbing is investigated. By using more realistic 
effects in the rotor/stator system model, study the 
influence on the rubbing behaviors of the system; on the 
other hand, try to use these interaction effects to develope 
new control methods to reduce the rubbing severity. This 
paper is arranged as the follows. In Section 2 the model 
of the rotor/stator system including both the dynamics 
of the stator (auxiliary bearing) and the deformation on 
the contact surface as well as the cross-coupling 
effects is introduced. In Section 3 it demonstrate the 
influence of the cross-coupling effects on the stability of 
the synchronous full annular rub solution. Based on the 
results of the stability analysis of synchronous full 
annular rub solution, the controllers generating proper 
cross-coupling effects to reduce the rubbing severity 
are developed in Section 4. And in Section 5, the 
conclusions are drawn.. 

2 The Rotor/Stator Model with Cross-
coupling Effects 

The schematic of the rotor/stator model studied in this 
paper[12] is shown in Figure 1. A weightless shaft 
supported by two ideal bearings has effective transverse 
stiffness kr and rotates at an angular speed �. A rigid disk 
of mass mr is mounted at the midpoint of the shaft. 
Concentric with the disk is an annular stator (an auxiliary 
bearing) of mass ms. The stator is elastically supported by 
a symmetrical set of springs with isotropic radial stiffness 
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ks. A clearance �  between the rotor and the stator. 
Consider the deformation at the contact surface between 
the rotor and stator, a symmetrical set of fictive springs 
with isotropic radial stiffness kc is assumed being laid in 
the inner ring of the stator to model the contact stiffness. 
The mass eccentricity of  rotor is e.

The equations that govern the motion of the system in 
the complex form can be written as:. 
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In equation (1), rr=yr+jzr and rs=ys+jzs are the complex 
deflection, � is the friction coefficient. cr and cs are the 
damping of the rotor and the stator respectively. F is the 
resultant contact force on the contact surface. �r and �s are 
the cross-coupling damping terms of the rotor and the 
stator,  Qr and Qs the cross-coupling stiffness terms of the 
rotor and the stator, respectively, to represent the cross-
coupling effects. Additionally, we define �=1, if |rr-rs|
�
and �=0, if |rr-rs|<�. 

Figure 1(a).The schematic plot of the rotor-to-stator system;

Figure 1(b).the section view on the plane of the rotor/stator ring.

When �=0 in Eqn. (1). the rotor/stator system is a 
linear system without rubbing, this governing equation 
has steady-state periodic solution, but the cross-coupling 
stiffness may induce the instability of the system when 
the cross-coupling stiffness goes above a critical value. 
From reference[12], it has been shown that for a rotor 
system with rubbing, the dry friction at the contact 
surface can induce the instability of the rotor/stator 
system when the dry friction exceeds a critical value. 

When �=1 in Eqn. (1), the Eqn. (1) has a steady-
state periodic solution-the synchronous full annular rub 
solution which has constant amplitude and frequency that 
equals to the rotating speed of the rotor. It is well known 
that only a stable solution corresponds to a physical 
observable response, so we interest in the stability of the 
solution. As known the destructive behaviour-dry friction 
backward whirl of a rotor/stator system always occurs 

after the synchronous full annular rub loses stability. 
From reference[16], The stability of synchronous full 
annular rub solution has been analysised, this analysis has 
provided some useful information for the design of the 
rotor/stator system.

3 The Cross-coupling Effects on the 
Stability  

To demonstrate the influence of the cross-coupling 
effects on the stability of the synchronous full annular rub 
solution, the stability regions of the solution are drawn on 
the different parameter planes for different values of 
cross-coupling coefficients. In the following analysis, 
some system parameters are fixed as �r=0.05, �s=0.05,
�
cr = 20.0, � = 2.0 In the following figures, two solid 
curves SNl and SNr define the lower and the upper 
existence boundaries of the synchronous full annular rub 
solution. Inside the region enclosed by SNl and SNr, the 
dotted curves show the stability boundaries of the 
synchronous full annular rub solution.  

3.1.Stability regions on the plane of ��-�  

In this case the mass ratio and the stiffness ratio are fixed 
to �sr = 0.2, 
sr�	���� The cross-coupling stiffness of the 
rotor, �r, and the cross-coupling damping of the stator, �s,
on the stability regions of the synchronous full annular 
rub solution on the parameter plane of �-�  are studied.

Fig.2 (a) shows that with the increase of the cross-
coupling stiffness coefficient, �r, the upper stable 
boundary raises and the stable region of the solution 
increases, i.e., for �r=0.2. With the further increase of the 
cross-coupling stiffness coefficient, i.e., to �r=0.4, the 
upper stable boundary still raises but a lower stable 
boundary appears. This indicates that the synchronous 
full annular rub solution becomes unstable in the region 
below the boundary. Numerical calculation shows that 
the rotor response is a large amplitude quasi-period full 
annular rub response. As pointed out in [3] that the dry 
friction and the cross-coupling stiffness play contrary 
roles in the stability of the synchronous full annular rub 
solution. In the above case, it can be easily explained as 
the cross-coupling stiffness plays a dominant role in the 
small dry friction range. 

Figure 2(a). Stability chart of synchronous full annular solution 
in the parameter plane of �-�. (a): at different cross-coupling 
stiffness coefficients of the rotor, with �s=�r=�s=0.
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Figure 2(b). at different cross-coupling damping coefficients of
the stator, with �r=�s =�r=0.

The influence of the cross-coupling damping of the 
stator on the stability of the synchronous full annular rub 
solution is demonstrated by Fig.2 (b). It is found that with 
the increase of the cross-coupling damping coefficient, �s, 
the stable region of the solution always grows with the 
upper stable boundary raises. This indicates that the 
cross-coupling damping on the stator will always benefit 
the synchronous full annular rub response. 

3.2 Stability regions on the plane of ��-
sr

In this case the mass ratio and the friction coefficient are 
fixed to �sr = 0.2, ��	����� The cross-coupling damping 
of the rotor, �r, and the cross-coupling stiffness of the 
stator, �s, on the stability regions of the synchronous full 
annular rub solution on the parameter plane of �-
sr are 
exploited.

Figure 3(a). Stability chart of synchronous full annular solution 
in parameter plane of �-
sr. (a): at different cross-coupling 
damping coefficients of rotor, with �r =�s=�s=0.

Figure 3(b). at different cross-coupling stiffness coefficients of
the stator, with �r=�r=�s=0.

It is found from Fig.3 (a) that with the increase of the 
cross-coupling damping of the rotor, �r the stable 
boundaries shrink and the stable region of the solution 
decreases. When �r =0.8, the stable region of the solution 
becomes much smaller than that of �r=0.3 and is enclosed 
by the green curve. This indicates that the cross-coupling 
damping of the rotor destabilizes the synchronous full 
annular rub solution. 

For the influence of the cross-coupling stiffness of 
the stator on the stability of the synchronous full annular 
rub solution, it is easily seen from Fig.3 (b) that with the 
increase of the cross-coupling stiffness of the stator, �s, 
the boundaries of stable region of the solution always 
grows, showing the stabilizing effects of the cross-
coupling damping on the stator to the synchronous full 
annular rub response. 

3.3 Results of stability analysis  

It is found through the stability analysis that the cross-
coupling damping on the rotor (with �r>0) and the cross-
coupling stiffness on the stator (with �s>0) in rotor/stator 
system, if they exist, will not benefit the synchronous full 
annular rub response of the rotor/stator system because 
they reduce the stable regions of the synchronous full 
annular rub solution, or increase the regions for other 
rubbing behaviors. 

However, the cross-coupling stiffness on the rotor 
(with �r>0) and the cross-coupling damping on the stator 
(with �s>0), if they exist, will generally play a 
constructive role for the synchronous full annular rub 
response of the rotor/stator system, as shown by Fig. 4(a) 
and (b). In the both figures, the stability chart in the 
system parameter plane of �-� is drawn for different 
value of cross-coupling coefficients. The two solid curves 
SNl and SNr define the lower and the upper existence 
boundaries of the synchronous full annular rub solution. 
In the region left to SNl and that right to SNr, the 
synchronous no-rub response exists. Inside the region 
enclosed by SNl and SNr, the dotted curves show the 
stability boundaries of the synchronous full annular rub 
solution 

Figure 4(a). Stability chart of synchronous full annular solution 
in the parameter plane of �-�. (a): at different cross-coupling 
stiffness coefficients on the rotor.
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Figure 4(b): at different cross-coupling damping coefficients on
the stator.

The influence of the cross-coupling stiffness on the 
rotor on the stability of the synchronous full annular rub 
solution is demonstrated by Fig.4 (a). It is found that with 
the increase of the cross-coupling stiffness coefficient on 
the rotor, �r, the upper stable boundary raises and the 
stable region of the solution increases, i.e., for �r=0.2. 
With the further increase of the cross-coupling stiffness 
coefficient, i.e., to �r=0.4, the upper stable boundary still 
raises but a lower stable boundary also appears. This 
indicateds that the synchronous full annular rub solution 
becomes also unstable in the region below it. Numerical 
calculation shows that the rotor response is a large 
amplitude quasi-period full annular rub response. As 
known that the dry friction and the cross-coupling 
stiffness play contrary roles in the stability of the 
synchronous full annular rub solution. In the above case, it 
can be easily explained as the cross-coupling stiffness 
plays a dominant role in the small dry friction range. 

The influence of the cross-coupling damping on the 
stator on the stability of the synchronous full annular rub 
solution is demonstrated by Fig.4 (b). It is found that with 
the increase of the cross-coupling damping coefficient on 
the stator, the stable region of the solution always grows 
with the upper stable boundary raises. This indicates that 
the cross-coupling damping on the stator will always 
benefit the synchronous full annular rub response. 

4 Control Methods for Active Auxiliary 
Bearings 
Since partial rubs are much more harmful than the 
synchronous full annular rubs due to their larger contact 
forces and higher frequencies of vibration. A preliminary 
goal to reduce the rubbing severity and avoid rubbing 
instability is to control the rotor/stator system, when 
rubbing occurs, to the synchronous full annular rub. By 
using the cross-coupling effects to realize this goal, one 
could choose to apply the active forces directly on the 
rotor generating the effect of cross-coupling stiffness, or 
apply the active forces through stator, i.e., following the 
idea of active stator control by using active auxiliary 
bearings. to generate the effect of cross-coupling 
damping. Based on above stability analysis, it is known 
that the later method is superior to the former one due to 
the robust choice of the control parameter and relatively 
easier way to realize the control forces. 

The equations of motion after omitting the cross-coupling 
terms in the governing equation(1) are written in the 
matrix form 

� � 	� �Mq Cq Kq N(q) Q( )Mq Cq Kq� � 	� � (2) 

with  ( , , , )T
r r s s
y z y z	q ))T and M, C, K being the mass, 

the damping and the stiffness matrix respectively which 
can be easily deduced from Eqn.(1). N(q) is the nonlinear 
vector containing the components of the resultant contact 
forces in the corresponding directions. Q(��) is the 
excitation vector due to unbalance. 
For the convenience to control design, Eqn.(2) will be 
further written in the state space form by introducing 
state vector � �T	x q q�Tq and control vector u=[uy, uz]T: 

	 � � ��u ux A x B u f(t) n(x)x A	 �u � (3) 
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And H is a 4 2 matrix that defines the position of control 
input. 
The cross-coupling damping controller: The development 
of the controller appears simple because the feedback 
gain can be directly written in the inertial coordinate 
system as: 
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Below an example is given to show how the control 
parameters are determined and what results the controller 
can achieve, with �=0.15 and �	1.90.

Figure 5(a). The results of controller with �=0.15, �	��'�� (a):
The time history of the resultant contact force (black) and the 
resultant control force (gray). Right: the time history of the rotor 
deflection in the y direction. 
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Figure 5(b): time history of rotor deflection in the y direction. 

It is found from Fig.4 that the synchronous full 
annular rub solution is unstable at the parameters. The 
partial rub response in this case induces large contact 
forces to about 40 and a large amplitude vibration of the 
rotor to about 5 (see Fig.5). From the stability analysis, it 
is known that when the cross-coupling damping on the 
stator ��s is increased to about 0.4, the synchronous full 
annular rub solution will become stable, that means the 
response of the rotor/stator system will be in the 
synchronous full annular rub at the given rotating speed. 

Based on the above observation, a controller is then 
designed by choosing �s =0.4 to generate the cross-
coupling damping on the stator in order to stabilize the 
system to the synchronous full annular rub. After 
switching on the controller at 15th rotation, the rotor 
responses is stabilized to the synchronous full annular rub 
quickly and smoothly As seen from the Fig.5(a) the 
contact force has been significantly reduced. In this case 
the amplitude of the rotor has an observable increase (see 
the Fig.5(b)). Again the maximal control forces in each 
direction are kept under the given limit (<3). In 
comparison with the optimal controller given in [17] with 
the same parameters (see Figure 5 in [17]), the present 
controller achieves a better results with smaller control 
forces. 

5 Conclusions 
To study the influence of cross-coupling effects of the 
rotor/stator rubbing system, we use a rotor/stator system 
which including the dynamics of rotor and stator, and the 
deformation of contact surface with the cross-coupling 
damping and stiffness. It is shown that the cross-coupling 
damping on the rotor and the cross-coupling stiffness on 
the stator will reduce the regions of the synchronous full 
annular rubs and can induce system becoming heavy 
rubbing. The cross-coupling stiffness on the rotor will 
benefit for synchronous full annular rub in the range of 
large dry friction and induces the instability in the range 
of small dry friction. On the other hand, the cross-
coupling damping on the stator will always benefit for the 
synchrounous full annular rubs. Based on the finding, a 
control method by generating cross-coupling damping on 
the stator through the active auxiliary bearing is proposed 
in order to suppress the contact severity and avoid the 
rubbing instability. Numerical simulation shows the 

validity of the mehtod and the achievement of better 
results in comparing with the optimal controller. 
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