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Abstract. This paper presents a new framework for the identification of mechanics-based nonlinear finite element
(FE) models of civil structures using Bayesian methods. In this approach, recursive Bayesian estimation methods are
utilized to update an advanced nonlinear FE model of the structure using the input-output dynamic data recorded
during an earthquake event. Capable of capturing the complex damage mechanisms and failure modes of the
structural system, the updated nonlinear FE model can be used to evaluate the state of health of the structure after a
damage-inducing event. To update the unknown time-invariant parameters of the FE model, three alternative
stochastic filtering methods are used: the extended Kalman filter (EKF), the unscented Kalman filter (UKF), and the
iterated extended Kalman filter (IEKF). For those estimation methods that require the computation of structural FE
response sensitivities with respect to the unknown modeling parameters (EKF and IEKF), the accurate and
computationally efficient direct differentiation method (DDM) is used. A three-dimensional five-story two-by-one
bay reinforced concrete (RC) frame is used to illustrate the performance of the framework and compare the
performance of the different filters in terms of convergence, accuracy, and robustness. Excellent estimation results are
obtained with the UKF, EKF, and IEKF. Because of the analytical linearization used in the EKF and IEKF, abrupt
and large jumps in the estimates of the modeling parameters are observed when using these filters. The UKF slightly

outperforms the EKF and IEKF.

1 Introduction

Linear finite element (FE) model updating is one of the
most popular approaches for damage identification (DID)
of civil structures. In this technique, linear FE models are
calibrated using data recorded before and after a
damaging event and damage is characterized as the
reduction of effective stiffness over one or more regions
of the structure. Usually, the linear FE model updating
problem is solved using a deterministic approach and the
updating process is formulated as a constrained
optimization problem. The objective of the optimization
problem is to minimize the discrepancy between the
simulated and recorded responses from low-amplitude
vibrations recorded before and after the structure has
experienced damage [1,2]. The data may consist of time
or frequency domain responses or quantities derived
therefrom (e.g., modal parameters). Despite its popularity
in the field of structural engineering, linear FE model
updating cannot provide any information about inelastic
deformations, loss of strength and loss of ductility
capacity, which are required for a comprehensive
condition assessment of the structure.

Recent years have witnessed important progress in the
field of nonlinear FE model updating of civil structures to
overcome this limitation [3-5]. These studies have
utilized simplified nonlinear structural models with
lumped nonlinearities defined empirically, through for
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example the Bouc-Wen model, to describe the hysteretic
response behavior of the structure of interest. However,
such models are not commonly used in state-of-the-art
mechanics-based structural FE modeling because they
cannot adequately simulate the actual nonlinear behavior
of civil structures. Recently, the problem of updating
mechanics-based nonlinear FE models of structures using
input-output data recorded during damage-inducing
events has been investigated [6-8]. The main benefit of
using advanced FE models is that they are able to capture
the damage mechanisms to be detected and identified in
the structural system and therefore can provide accurate
information about presence, location, type, and extent of
damage in the structure. The updated mechanics-based
nonlinear FE model can be directly used for rapid post-
event condition assessment.

This paper describes the use of the Extended Kalman
filter (EKF), Iterated Extended Kalman filter (IEKF), and
Unscented Kalman filter (UKF) to update mechanics-
based nonlincar FE models and then compares the
performance of the filters for a numerically simulated
application example. Implementation of the EKF and
IEKF requires the FE response sensitivities with respect
to the modeling parameters to be estimated. They are
computed using the direct differentiation method (DDM),
which is an accurate and computationally efficient
approach based on the exact (consistent) differentiation
of the FE numerical scheme with respect to the modeling
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parameters. An application example is presented based on
data simulated numerically from a realistic nonlinear FE
model of a three-dimensional five-story two-by-one bay
reinforced concrete (RC) frame building subjected to bi-
directional (horizontal) earthquake excitation..

2 Nonlinear FE modeling

Over the years, different approaches have been proposed
to model and simulate the nonlinear response of frame-
type structures subjected to earthquake excitation. Global
models, structural FE models, and continuum FE models
have been developed and used for this purpose [9].
Structural FE models with distributed plasticity have
been shown to provide accurate results in predicting
structural response and damage mechanisms observed
during experimental tests. In addition, their formulation is
simple and they are computationally efficient and feasible
also for large systems. As a result, FE structural models
of this type have been broadly utilized in research and
engineering practice to model frame-type structures.

In this type of structural models, material nonlinearity
can develop at any numerically monitored cross section
(integration point) along the element length, and the
element response is obtained through numerical
integration of the section response along the element
length. Element cross-sections are discretized into
longitudinal fibers, the stress-strain behavior of which is
simulated using realistic uniaxial material constitutive
laws. The nonlinear section response is obtained by
integrating the stress-strain response of the fibers over the
cross section. This formulation accounts for the
interaction between bending moments and axial force at
the section level, while the interaction with the shear
force is accounted for at the element level through
element equilibrium. It is noted that a uniaxial material
model depends on a set of physical and/or empirical time-
invariant parameters. Figure 1 shows a schematic
representation of the hierarchical discretization in
distributed-plasticity structural FE models of RC frame-
type structures. More details about this structural FE
modeling approach can be found in [9,10].
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Figure 1. Distributed plasticity FE model of RC frame-type
structures.

uniaxial material
models

3 Problem formulation

The discrete-time equation of motion of a nonlinear FE
model of a structure can be expressed as

M (0) i1 (8) +C () dren (0)+ 1 [ @e1(0).0] = iy (1)

where 0eR" = vector of unknown time-invariant
modeling parameters; q, q, § € R” = nodal displacement,
velocity, and acceleration vectors; M e R"™"= mass
matrix; C € R™” = damping matrix; r(q(6),0)) e R" =
history-dependent internal resisting force vector, f € R”
= dynamic load vector, » = number of degrees of
freedom, and the subscript ()k ,, indicates the time

step. For the case of earthquake uniform base excitation,
the dynamic load vector takes the form f,,, = -ML§,, ,

where L € R™ = load influence matrix and ii¢ ¢ R™'=
input ground acceleration vector with » = number of base
excitation components (in the general case of uniform
base excitation » = 6, i.e., 3 translational and 3 rotational
base excitation components).

The structural response can be recorded using
different types of sensors (e.g., accelerometers, GPS
antennas) and at time #+1 = (k+1)At, with k=0, 1, ... and
At = sampling time step, can be expressed as

T
L ..T . T T .g "
Yir1 = Ly | Qi1 s Die+1 5 Die+1 5| U4 Vil ©)
Yir1 = Vier1 + Vi

n, ..
wherey € R = vector of measured response quantities,

§ € R™ = response of the structure predicted from the
FE model, L, ]Rn-"’xcnw)
visie R™ = simulation error vector (which accounts for
measurement error and modeling uncertainty) assumed to
be white Gaussian with zero-mean and covariance matrix
Ry, 1.€., Vie1 ~ N(0,R4+1). In the present case, effects of
modeling uncertainty are not considered and, therefore,
Vi+1 only represents measurement error.

From Equations (1) and (2), the vector of recorded
response quantities at time #+1, y«+1, can be expressed as a
nonlinear function of the modeling parameters (0), input

= output matrix (known), and

ground acceleration time history (iif,,;), and initial

conditions (qo,qo) of the FE model, i.c.,
Yier =hyy (07ﬁ§k+17q07q0)+vk+1 (€)

Here, hy;(...) he() is the nonlinear response function

of the nonlinear FE model at time #: and i,

[(ﬁlg)r,(l’i‘g)T,...,(iifﬂ)T}T is the input ground

acceleration time history from time # to f#+1. At rest
initial conditions are assumed; henceforth qo = qo = 0.
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In the Bayesian parameter estimation framework
considered in this paper, the unknown time-invariant
modeling parameter vector, 0, is modeled as a random
process, the evolution of which is governed by a random
walk process. Therefore, the nonlinear parameter
estimation problem at time #+1 (k= 0, 1, 2, ...) can be
formulated as

0, =0, +7;

4

Vit =hyepy (9k+1’ﬁfk+1)+"k+1 @
where Y and v; denote the process noise and
measurement noise, respectively, and are assumed to be
independent Gaussian white noise processes with zero
mean vectors and diagonal covariance matrices Q; and
Ry, respectively, i.e., v« ~ N(0,Qx) and vx ~ N(O,Ry). A
filtering technique can be used to recursively estimate at
least the first two statistical moments of the unknown
modeling parameter vector in the nonlinear state-space
model given in Equation (4) using the input and
measured output response of the system [11].

In this paper, the Extended Kalman filter (EKF),
Iterated Extended Kalman filter (IEKF), and Unscented
Kalman filter (UKF) are used to recursively estimate the
states (i.e., modeling parameters) of the nonlinear state-

space model in Equation (4) knowing the input (i)
and measured output response of the system (y,,;). In

the EKF, the nonlinear state-space model is linearized in
terms of the modeling parameters 0 (using the DDM), at
each time step, about the latest parameter estimates using
a first-order Taylor series approximation. The Kalman
filter is then applied to the linearized system and the
corrected parameter estimates at a given time step are
used as the center point for the linearization at the next
time step.

In the IEKF, an iterative linearization procedure is
performed, at each time step, on the nonlinear
measurement equation (second equation in Equation (4)).
When linearizing the model at time #+, the iterative
process takes into account the response measurement
Vi to have a better estimate of ©:1. The iterative

process is terminated when the difference between two
consecutive updated parameter estimates (iterations i-1
and i) is less than a predefined threshold

ni ni-1 n0 .
(||9k+”k+1 _ek+1|k+1||SS"ekJr”kJrl") or after a maximum

number of iterations (N.,) is reached. More details about
the IEKF can be found in [12]. Figures 2 and 3
summarize the algorithm to update the nonlinear FE
model using the EKF and IEKF, respectively.

The UKF utilizes a statistical linear regression
approach (i.e., minimizes the sum of the squared errors
between the function values of the nonlinear and
linearized functions evaluated in the SPs) instead of using
analytical linearization (i.e., linearization of the
measurement equation using DDM) as in the EKF and
IEKF. In the UKF, a set of deterministically chosen
sampling points ( 8,), referred to as sigma points (SPs), is

selected based on the prior probability density function

(PDF) (mean vector and covariance matrix) of the
modeling parameter vector. The sampling points are used
to transform the prior probability distribution of the
modeling parameters through the nonlinear FE response
function (second equation of Equation (4)) and to find an
estimate of the probability distribution of the predicted
response. To this end, the expected value and covariance
matrix of the predicted response are computed from the
sample mean and sample covariance matrix of the
transformed SPs. The UKF also uses a prediction-
correction scheme to recursively estimate the expected
value and covariance matrix of the modeling parameter
vector. Figure 4 summarizes the algorithm to update the
nonlinear FE model using the UKF.
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Figure 2. Algorithm for nonlinear FE model updating using the
EKF.
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Figure 3. Algorithm for nonlinear FE model updating using the
IEKF.
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Figure 4. Algorithm for nonlinear FE model updating using the
UKF.

More information on the nonlinear FE model
updating using the EKF and UKF can be found in [8] and
[7], respectively. It is noted that in Figures 2, 3, and 4

P/?erl\k = E|:(Xk+1*f‘k+1\k)(Zk+1_ik+1\k)r| YIaYZ:---Yk:| and

X [k = E[Xp1 |V15¥2¥k ] -

4 Verification example

A three-dimensional five-story two-by-one bay RC frame
building subjected to bidirectional horizontal seismic
excitation is considered to verify the proposed FE model
updating methodology using the EKF, IEKF, and UKF
and compare their performance. A mechanics-based
nonlinear FE model of the building, developed in the
open-source  object-oriented  software  framework
OpenSees [13], is used to simulate the response of the
building. In the estimation phase, the simulated response
data are contaminated by additive white Gaussian noise
(AWGN) and used as measured output (y) to estimate the
parameters characterizing the nonlinear material
constitutive laws of the concrete and reinforcing steel.

4.1. Nonlinear finite element model description
and input earthquake motions

The structure is designed as an intermediate moment-
resisting RC frame located in downtown Seattle, WA,
with Site Class D soil conditions, a short-period spectral
acceleration Sys = 1.37g, and a one-second spectral
acceleration Sy; = 0.53g. The building has two bays in
the longitudinal (X) direction and one bay in the
transverse (Z) direction, with plan dimensions of
10.0x6.0 m, respectively. The frame has 5 stories with a
floor-to-floor height of 4.0 m. Masses as well as dead and
live loads are computed according to the 2006
International Building Code [14].

The building has six identical 0.45x0.45 m RC
columns reinforced with 8 #8 longitudinal reinforcement
bars and #3 @ 150 mm as transverse reinforcement.
Grade 75 reinforcing steel is used for the columns.

Longitudinal beams have a square cross-section of
0.40x0.40 m and are reinforced with 6 #8 longitudinal
reinforcement bars and #3 @ 100 mm as transverse
reinforcement. Transverse beams have a rectangular
cross-section of 0.40x0.45 m and are reinforced with 8 #8
longitudinal reinforcement bars and #3 @ 100 mm as
transverse reinforcement. Grade 60 reinforcing steel is
used for the beams in both directions. Figure 5 shows the
overall geometry of the building and the cross-sections of
beams and columns.

Translational components of ground acceleration
recorded at the Sylmar County Hospital during the 1994
Northridge earthquake are used as input base excitation
(Figure 6). Components 360° and 90° are applied in the
longitudinal and transverse direction of the building,
respectively. The earthquake ground motions were
recorded at a sampling rate of 50 Hz, filtered through a
band-pass filter with cutoff frequencies of 0.1 and 23.0
Hz, and have N = 550 data samples. The peak ground
acceleration (PGA) of components 360° and 90° were
0.84g and 0.60g, respectively.

Section A-A

a) YT I b) y
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0.45m
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3#8
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57—
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Figure 5. RC frame building: (a) Isometric view, (b) Cross-
section of beams and columns.
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Figure 6. Ground acceleration records used as seismic input
motions.

The modified Giuffré-Menegotto-Pinto model [15] is
used to model the nonlinear uniaxial stress-strain
behavior of the longitudinal steel reinforcing bars. This
material model is governed by eight parameters, three of
which are primary physical parameters, while the other
five are secondary parameters controlling the curvature of
the hysteresis branches between consecutive strain
reversal points. The physical material parameters consist
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of the elastic modulus (Ej), initial yield strength (f;), and
strain hardening ratio (b); they are considered unknown
parameters in the estimation phase. The Popovics-Saenz
model [16-18] is used to model the concrete fibers. Five
material parameters define this uniaxial stress-strain
material model. These parameters are the modulus of
elasticity (E.), peak compressive strength (f:), strain at
peak compressive strength (&), crushing strength (f,), and
strain at crushing strength (g,). The values of f., &, f., and
&y correspond to the confined state of concrete and are
determined based on the initial properties of the concrete
material. Parameters f. and €. account for the confinement
effects of the transverse reinforcement according to
Mander et al. [19], whereas ¢, is obtained as suggested by
Scott et al. [20].

Figure 7 shows the uniaxial material models used for
the concrete and reinforcing steel fibers together with
their assumed to be unknown parameters. A set of
material parameter values, referred to as true values
hereafter, are assumed for the concrete and reinforcing
steel materials in order to simulate the response of the
structure. There true material parameter values are:

E™e =200GPa, f™ =517 MPa, b" =001,

s—co, y—col
E"™e  —200GPa, [  —414MPa, b =005,

s—beam y—beam
Etre =27600 MPa fire =40 MPa , and

ge =0.0035. It is noteworthy that f, and &, are not
considered as parameters to be estimated, since they have
negligible effects on the (simulated) recorded response of
the structure in this case study.

b)

a) Stress (o) Stress (o)

£ _ bE,

/U
7 . Strain (¢)
[\El.

& Eu Strain (g)

Figure 7. Uniaxial material models used in the FE model: (a)
Concrete, (b) Reinforcing steel.

4.2. Estimation results

Nine modeling parameters characterizing the concrete
and reinforcing steel constitutive laws are considered as
unknown and define the model parameter vector to be
eStimated, i-e-, e = [Es-col, ﬁf—col, bcol, Es-beam, fy‘v-beam, bbeama
Ee, fi, &]"e R™. The response of the structure is
simulated using the true values of the parameters (see
Section 4.1) and is referred to as true response hereafter.
After completion of the response simulation, the true
relative horizontal acceleration responses at the 3™ floor,
5™ floor, and roof levels in both the longitudinal (X) and
transverse (Z) directions (see black arrows in Figure 5)
are polluted by AWGN, representing output measurement
noise, and used to define the measured response data (y).
The measured response data together with the two
horizontal  translational components of ground

acceleration (ii®) recorded at the Sylmar station during the
1994 Northridge earthquake (Figure 6) are used to
estimate the model parameter vector and to update the
nonlinear FE model of the structure. It is noted that the
same FE model of the structure is used for response
simulation and parameter estimation, i.e., the effects of
modeling uncertainty is not considered here.

A 1.0%g root-mean-square (RMS) zero-mean white
Gaussian output measurement noise is added to each
simulated relative acceleration response time history, i.e.,
the actual covariance matrix of the output measurement
noise vector is (0.01x9.81)> = 0.96x107 I (m/s?)*> where
I, = ixi identity matrix. Statistically independent
realizations of output measurement noise are considered
for different acceleration responses. In the estimation
phase, it is assumed that the output measurement noise is
a zero-mean white Gaussian process with a covariance
matrix R = R = 0.47x102 I (m/s?)?, i.e., a standard
deviation (or RMS) of 0.7%g is estimated for the output
measurement noise. The assumed amplitude of the
measurement noise is purposely taken different from the
(true) amplitude, since in practice the measurement noise
amplitude is unknown. The amplitude of the output
measurement noise can however be estimated based on
the characteristics of the sensors and DAQ system,
experience, and engineering judgment. Time-invariant
first- and second-order statistics are assumed for the
process noise i, with zero-mean and covariance matrix
Qi = Q. The diagonal entries of Q are assumed equal to

(q><é0’-‘0)2 where i=1,...,9 and q:1><10_5, i.e., the

RMS of the process noise is assumed equal to 1x10- the
initial prior mean estimate of the material parameters

(8 ). For the filter initialization, ,,/6" = [0.70,

1.30, 1.25, 1.30, 0.80, 0.75, 1.20, 0.85, 0.90] is assumed
as the initial guess of the expected value of the modeling
parameters. The initial estimate of the covariance matrix

of the modeling parameters, 13&%, is assumed to be

diagonal (i.e., initial estimates of the modeling
parameters are assumed statistically uncorrelated).
i

Diagonal entries of f’&% are taken as (p><éo‘0)2 where

i=1,...,9 and p = 0.15, i.e., assuming a coefficient of

variation of 15% for the initial prior Bayesian estimate of
the parameters.

The algorithms summarized in Figures 2, 3, and 4 are
used to recursively estimate the expected value and
covariance matrix of the modeling parameters at each
time step. Figure 8 shows the time histories of the a
posteriori estimates of the material model parameters
while Table 1 reports the final a posteriori estimates of

A

these parameters, 6,y , (Which correspond to stable and
converged values) normalized by their corresponding true
values.

It is observed that all material model parameters are
accurately estimated with relative errors less than 5%.
The EKF, IEKF, and UKF provide accurate estimates of
the modeling parameters; however, the convergence of
the UKF is smoother and faster than that of the EKF and
IEKF.
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Figure 8. Time histories of the a posteriori estimates of the
material model parameters.

Table 1. Final estimate and coefficient of variation (in
parentheses) of the modeling parameters.

proposed FE model updating framework using the EKF,
IEKF, and UKF. The discrepancies between the true
responses and the corresponding responses of the updated
FE model are almost negligible with RRMSEs below
1.0%. The low RRMSEs obtained, in spite of estimates of
material parameters b.,; and €. not fully converged to
their true values (see Table 1), also confirm that the
measured acceleration responses do not contain enough
information about modeling parameters b.,; and e. for
their accurate estimation. It is observed that the UKF
outperforms the EKF and IEKF, because it yields slightly
lower RRMSE:s for all the measured responses.

Table 2.Relative RMS error between true and estimated (using

0, and 0, ) relative acceleration response time histories.

Output response measurement (Y )

Filter
as as ag a3 as; g

00‘0 - 58.89 | 38.33 | 37.86 | 39.62 | 45.48 | 40.64

UKF | 041 | 028 | 0.23 | 0.24 | 0.24 | 0.25

(A)N‘N EKF | 0.56 | 0.28 | 0.22 | 0.33 | 0.25 | 0.30

IEKF | 047 | 030 | 0.29 | 049 | 045 | 0.51

Modeling parameter
Filter | £y | fy-co | Beot | Evpean | Fr-tean | Bpoun | Ee | So | &
E | 1l | Deat” | Evean | S b | B | B | S| 87
UKF 1.00 1.00 | 1.01 1.00 1.00 | 0.99 | 1.00 | 1.01 | 0.98
(0.09) | (0.06) | (1.47)] (0.13) | (0.08) |(0.32)](0.21)](0.87)|(1.88)
EKF 1.00 1.00 | 1.04 1.00 1.00 | 0.99 | 1.00 | 1.00 | 0.99
(0.11) | (0.07) [ (1.58)] (0.15) | (0.09) |(0.31)](0.33)](0.95)|(2.11)
IEKF 1.00 1.00 | 1.04 1.00 1.00 1.00 | 1.01 | 1.00 | 0.95
(0.11) | (0.07) [ (1.51)] (0.15) | (0.10) |(0.31)](0.35)](0.82)|(1.71)

The relative RMS error (RRMSE) between the true
responses and their counterparts obtained using the final

estimates of the modeling parameters (6N‘N) are

computed and reported in Table 2. The RRMS error
between two signals s! and s? with s! taken as the
reference signal is computed as

RRMSE[%)] = \/[1/1\@ T () - 52 )2]/\/[1//\/5 = (st )2} <100,

where Ns denotes the total number of data samples. In
Table 2, output response a; corresponds to the relative
acceleration time history at story i in direction j, where /
and ¢ stand for the longitudinal and transverse directions,
respectively. The RRMSEs between the true responses
and their counterparts obtained using the initial estimate

of the modeling parameters (60‘0) are also included for

comparison purposes. Comparing the RRMSEs between
the true responses and their estimated counterparts based
on the initial and final estimates of the material model
parameters illustrates the successful performance of the

5 Conclusions

This paper studied and compared the performance of a
new framework to update mechanics-based nonlinear
structural finite element (FE) models when different
variants of the Kalman filter for nonlinear state-space
models are used as estimation tool. The framework uses
recorded input-output data to estimate unknown
parameters of advanced mechanics-based nonlinear FE
models of the structure of interest, using the Extended
Kalman filter (EKF), iterated Extended Kalman filter
(IEKF), and Unscented Kalman filter (UKF). The
updated FE model provides accurate and complete
information about potential damage in the structure,
including loss of stiffness, strength degradation, loss of
ductility capacity and history of inelastic deformations at
the global and local levels.

The proposed methodology was verified using
numerically simulated response data for a realistic three-
dimensional five-story two-by-one bay reinforced
concrete (RC) frame building subjected to bi-directional
horizontal earthquake excitation. Parameters
characterizing the nonlinear material constitutive laws of
the reinforcing steel and concrete materials were
successfully estimated using the seismic input data
together with limited response data (6 acceleration
response time histories). Excellent results were obtained
with the three Bayesian filters, but the UKF outperformed
the EKF and IEKF when the relative root-mean-square
errors between the true and simulated (based on the final
estimate of the modelling parameters) relative
acceleration responses were compared. In addition, the
results suggest that convergence of the estimation of
modeling parameters is smoother and faster when the
UKEF is utilized.

It is noteworthy that the proposed framework is not
limited to certain types of FE models, loading conditions,
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or FE model parameters. Different types of material
constitutive models (e.g., plasticity, smeared crack),
various FEs (e.g., beam-column, shell, solid elements),
and different types of analysis (e.g., quasi-static, time-
dependent, dynamic) can be used with the proposed
framework. Furthermore, other time-invariant FE
modeling parameters (e.g., inertia, damping, geometric,
and constraint parameters) can also be incorporated in the
estimation procedure.
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