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A Method for Image Decontamination Based on Partial Differential
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ABSTRACT: This paper will introduce the method to apply partial differential equations for the decontamina-
tion processing of images. It will establish continuous partial differential mathematical models for image infor-
mation and use specific solving methods to conduct decontamination processing to images during the process of
solving partial differential equations, such as image noise reduction, image denoising and image segmentation.
This paper will study the uniqueness of solution for the partial differential equations and the monotonicity that
functional constrain has on multipliers by making analysis of the ROF model in the partial differential mathe-

matical model.
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1 INTRODUCTION

People always process images and make analysis of
other processing methods. Nowadays, with the rapid
development in the application of electronic equip-
ment, such as computers, the transfer of images has
become more convenient. However, during the pro-
cess of transfer, the original images frequently become
fuzzy or get reversed which may cause mistakes in
image information. Especially in the areas of medical
science, military affairs and engineering, image dam-
age can bring serious results.

In fact, image decontamination is the processing of
image signals, such as image denoising and image
damage removal. Traditional image denoising is to
apply wavelet analysis and Fourier analysis. However,
there’re certain narrow limitations existing in these
two methods. They both have requirements for the
stationarity and time-frequency duality of the signals.

Partial differential equation is a new means for im-
age denoising. It considers the geometrical features of
image signals on the basis of building mathematical
models. Nevertheless, the solving of partial differen-
tial equation has certain restrictions due to the infinite
solutions of partial differential equation numerical
solutions which may occur because of massive image
information.

2 PARTIAL DIFFERENTIAL EQUATION

Partial differential equation is a science of mathemat-
ics applied in engineering modeling. However, with
the extension of its application range, partial differen-
tial equation has made new progress in physical
chemistry area. Nowadays, partial differential equa-
tion has obtained development in many other new
areas, such as finance and image processing. In basic
subjects, partial differential equation refers to the

image denoising; partial differential equation; PDE; wavelet model; Fourier transform

solving process of mathematical theories, such as
calculus of variations, ordinary differential equation
and theory of functions. Within its extension in other
subjects, partial differential equation can become an
independent research field.

If the normal form of the differential equation that
involves an n-member function
»= gpe(xl,xz,x3, X, ) is as follows:
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The second order differential equation should be:
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Definite Condition:

Generally speaking, partial differential equation is a
form of expression of the equation expressing the
phenomena of the same kind that occur in some phys-
ical phenomenon. For a partial differential equation,
its solutions can be infinite. However, among the infi-
nite solutions, seeking out the universal law of the
solutions cannot solve the essence of the problems. An
issue under a special condition must be selected and
the condition is the definite condition of the partial
differential equation.
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Figure 1. The Process of Solving Image Damage by Partial Differential Equation (1)

Condition of Boundary Value:
The first condition of boundary value: describe the
direct physical quantity of the boundary system.

¢(x,t)xem =y, (x,1),1>0

The second condition of boundary value: the recip-
rocal value of the direct physical quantity in the fa-
miliar boundary system, such as heat transfer and
conduction:

op(x,1)
A AP
on

=y, (x,1),20

xedQ)

Where, ll’l refers to the unit normal vector of 0€2 .

The third condition of boundary value: describe the
combing form of the direct physical quantity in the
boundary system and the reciprocal of this physical
quantity:

op(x,t
[i(g[’—)+a¢j =y, (x,1),t20
n xedQ)

Initial Value Condition:

In the equations above, besides the partial deriva-
tive of spatial variable, the partial derivative of time
should also be obtained. Therefore, the setting of ini-
tial values is required in some partial differential
equations, so as to make it more convenient for equa-
tion solving.

3 SOLUTIONS FOR IMAGE DECONTAMINA-
TION BASED ON PARTIAL DIFFERENTIAL
EQUATION

The approach to apply partial differential equation in
restoring images is actually to do image morphing fist
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Figure 2. The Process of Solving Image Damage by Partial Differential Equation(2)

and then solve the partial differential equation. The
related modeling process is shown in Figure 1.

During the processes of image formation and image
transfer, the generation of noise is inevasible. In some
special conditions, high level of noise can cause seri-
ous problems. Hence, image denoising is an important
part in image processing procedures.

Denoising refers to the removal of noise and vibra-
tion from a damaged image with the condition of re-
serving the original image features. At present, there
are three main approaches to complete image de-
noising:

(1) Wavelet and Fourier variation approach;

(2) PDE and variation approach;

(3) Statistical approach similar to MRF.

Among the approaches above, the PDE partial dif-
ferential equation has better application in image de-
noising. The reason for this phenomenon is that PDE

can effectively reduce image noise and image vibra-
tion under the condition of maintaining the basic fea-
tures of the original image.

4 ESTABLISHMENT OF ROF MODEL

Suppose z()c],)cz):Q—)R+ is the image with
noise; Q0 is the bounded raised image region exist-
ing in R* ; u X,,X,) is the original image; and
11(x,x,) is the noise that appeared.

z(x,x,) = ”(x19x2)+77(x1»x2)
The ROF model is small in form:

min 7V (u) =J.Q|Vu|dx s.t
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2 (Q)

F(u):%(”u—z -0%)=0

The I2 (Q) -norm of noise data:

GZ(I Q|Z(x1’x2) _/U(xpxz)|2 dx);

O is a known priori equation. The objective func-
tion TV(u) is non-differentiable when Vu| =0.
Therefore, the following equations should be consid-
ered:

rnuin TV (u)= I m“VuF +edx

2
L’ (Q)

s.t

-0°)=0

F(u) =%(||u—z

Among which, & >0 is a very small smooth co-
efficient.

The expression of the lagrange function that re-
strains total variation optimization problem is given
below:

EQu) = [ o[V +5dx+%(|u — 2 dx—o?)

Among which, A is the multiplier of lagrange. In
consequence, the optimization model of ROF is as
follows:

min E(A,u)
ueB/(QQ)
A€R

Proceed to first-order variation and export the op-
timum condition as follows:

L,(u)=-V- sz +Au—2)=0
|Vu| +&
F(u)—1(||u—z 2 —6%)=0
- 2 X (Q) -

It should satisfy the boundary condition that:

6u(x,t)
UEK= u(xl,xz):(xl,xz)eQandT:O on 02
n

1
Where, n refers to the unit normal vector of

oQ.

5 SOLUTION FOR ROF MODEL BASED ON
PARABOLIC-TYPE EVOLUTION ALGO-
RITHM

Use classical parabolic-type evolution method to solve
the equation (3.6a):

Ou(1) _ N(u)=V- Vu(-,t)

ot Vol +

- /I(M(, t) - M(', 0))

Among which, ¢ >0.

u(x,x,,0)=z(x,x,) . (x,x,)eQ .

u(,t)ekxR"

Iteration of lagged diffusion fixed points
Use Newton’s linearizing techniques to take para-
bolic-type evolution algorithm into consideration:
el o
I3 (un)(um_uu):_v Vu@u"™ —u")

2
‘Vu” +&

Vu@"™ —u"Y Vu"

[ ‘Vu” ’ +£)3

=—1,@")

+V. Vu' |+ A" —u")

which can be simplified as:

iy | VU@ -y

‘Vu”

v. vu(unﬂ 7u")TVu"
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As the equation above has divergence when & is
very small, a solution with certain truth is required to
ensure the convergence of the equation. Therefore, the
following equation appears:

Vu"
2
+&

AW —u")= Az

n+l
Au"™' —V. _vu =z

2
‘Vu” +&

Alternative Split-Bregman Iterative Method
Alternative split-bregman iterative method is used
to solve the reply issues of discrete images.

min B(A,u) = |V +%(||Ku )

u
Among which, K refers to the fuzzy operator,
= argmin %K~z +f} + §||Du —d+iff

2

d = argminJd[f + %”d ~Du+1)|

b=b+6,(Du—-4d)
c=c+0.(Ku—-z)

Where, u >0 ; 0<o, <1 ;
Du=TV(u)-

In a two-dimensional image, u can be set as

1<8, <2 ; and
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”(xl 2 ’t) and time can be set as7n="A  Within the
range of (i, j,tn) , use the center finite difference meth-
od to obtain the reciprocal that u generates with
spatial variables; and apply the forward difference
method to obtain the reciprocal of time. The obtained
results are as follows:

n n

(u )n Uy Uy,
xXJi,j 2h
n n
( )" Uin,j — Ui ja
u PR -
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n n n
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— Zuij tu
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n n
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At

Where, h refers to _the step size of a
two-dimensional grid and 1, J respectively refer to
the corresponding values of X, J.

6 TESTIMAGE

Figure 3. Original Picture

The original picture is shown in Figure 3. Figure 4
shows the comparison picture after noise adding (with
50% data lost) while Figure 5 shows the image after
denoising. Establish the following parameters: time
step Ar=0.1; number of iterations is 25 times; normal-
ization parameter £=0.05; and constrained parameter
$=0.4 . Tt can be seen that the image has much better
effect after being processed by partial differential
equation denoising.

Figure 4. Comparison Picture after Noise Adding

Figure 5. Image after Denoising

7 CONCLUSION

Among the image denoising methods, partial differen-
tial equation is a good algorithm for denoising. During
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the process of building continuous models for images,
by solving the partial differential equations of the
image information, changes can be made to the images
by certain PDE according to the conditions of the
constant values, so as to obtain better denoising imag-
es. In a manner of speaking, in the PDE processing of
images, the key factor is to establish a reasonable
partial differential equation in order to reach the opti-
mal denoising effect.
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