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Abstract. In this paper an analytical procedure is given to study the free-vibration characteristics of thin long
circular cylindrical shells with simply supported boundary conditions. An approach based on Sander’s nonlin-
ear theory and Lagrange equations is employed. Influence of in-plane inertia on natural frequencies and stress
for several modes shape is discussed. Natural frequencies for a number of particular cases are evaluated and
compared with some available experimental and other analytical results in the literature. The distributions of the
bending and axial stresses associated with the nonlinear modes shape are given and compared with those obtained
via the linear theory.

1 Introduction

The study of the dynamic behavior of isotropic and or-
thotropic thin shells within the scope of linear and non-
linear models has been the subject of numerous works.
Readers interested by these works can turn to [1] and [2]
or to the review paper presented recently by [3], and to a
more recent review paper by [4], in which a set of papers
are discussed and commented. It can be observed that al-
though several works exist in literature on nonlinear vibra-
tions of shells, only few papers are available which are con-
cerned with the nonlinear free vibration of shells of infinite
length. Also, influence of inertia terms on nonlinear natu-
ral frequencies and their contribution on linear and nonlin-
ear stress have been examined very rarely. However, many
researchers have used certain simplifications and derived
much simpler characteristic equations. The two widely used
simplifications cited in literature are those made by [5] and
[6] in which they neglected the tangential inertia terms of
a cylindrical shell. [5] showed that for a cylindrical shell
in which the circumferential wavelength is much less than
the axial one, the characteristic equation is similar to that
of a lateral vibrating Euler-Bernoulli beam. Applying his
simplification to the Donnell theory along with the neglect
of tangential inertia, [5] was able to come up with some
good results. Such a procedure was similarly carried out
by [7]. As mentioned above, a further investigation of the
neglect of tangential inertia and its effects on theoretical
results was carried out by [6]. The main aim of the present
paper is to investigate the effects of in-pane inertia (cir-
cumferential and longitudinal) on natural frequencies and
stresses of long circular cylindrical shell.

2 Mathematical modelling

Consider an isotropic, elastic, circular cylindrical shell of
uniform thickness h, length L, radius R, Young’s modulus
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E and Poisson’s ratio ν.
The elastic strain energy V of a circular cylindrical shell,
under Love’s hypothesis σzz = σzx = σxy = 0, given by

V =
1
2

∫ h
2

− h
2

∫ 2πR

0

∫ L

0
(σxxϵxx+σyyϵyy+τxyγxy)dzdxdy (1)

where σxx, σyy and τxy are Kirchhoff stresses and ϵxx, ϵyy
and γxy are Green’s strains. The simplicity of Eq. (1) is
due to the Lagrangian description of the shell, which al-
lows integration over the shell in the original undeformed
configuration. The Kirchhoff stresses for a homogeneous
and isotropic material (σzz = 0 case of plane stress) are
given by

σxx =
E

1 − ν2 (ϵxx + νϵyy), σyy =
E

1 − ν2 (ϵyy + νϵxx)

τxy =
E

2(1 + ν)
γxy (2)

The strain components ϵxx, ϵyy and ϵxy at an arbitrary point
of the shell are related to the middle surface strains ϵx,0, ϵy,0
and ϵxy,0 and to the changes in the curvature and torsion of
the middle surface kx, ky and kxy by the following three
relations

ϵxx = ϵx,0 + zkx (3)

ϵyy = ϵy,0 + zky (4)

γxy = γxy,0 + zkxy (5)

where z is, as usual, the distance of the arbitrary point of
the shell from the middle surface.
The expressions ϵx,0, ϵy,0, γxy,0, kx, ky and kxy are given by
nonlinear Sanders shell theory. The boundary conditions
and kinetic energy are given by:

Nx = Mx = v = w = 0 at x = 0, x = L (6)

T =
ρh
2

∫ L

0

∫ 2πR

0
[(
∂u
∂t

)2 + (
∂v

∂t
)2 + (

∂w

∂t
)2]dxdy (7)
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where u, v and w are the displacements of a generic point
in the longitudinal, circumferential and radial direction, re-
spectively; Nx is the normal force, and Mx is the bending
moment per unit length.
The expressions of u, v and wwhich satisfying all the bound-
ary conditions can be presented in this form

u(x, y, t) = q1(t)cos(
mπx

L
)cos(

ny
R

) (8)

v(x, y, t) = q2(t)sin(
mπx

L
)sin(

ny
R

) (9)

w(x, y, t) = q3(t)sin(
mπx

L
)cos(

ny
R

) (10)

where q1(t), q2(t) and q3(t) are generalized coordinates. m
and n are the axial halfwaves and circumferential waves
numbers, respectively.
Lagrange’s equations for a system of 3 degrees of freedom,
which leads to:

d
dt

(
∂L
∂q̇i

) − ∂L
∂qi
= 0 (11)

with L = T − V .
Replacing in this equation T and V by their expressions
given above leads to the following set of nonlinear differ-
ential equations:

¨q1(t) + λ1q1(t) + Γl,u(q2(t), q3(t))
+ ΓNl,u(q1(t), q2(t), q3(t)) = 0 (12)

¨q2(t) + λ2q2(t) + Γl,v(q1(t), q3(t))
+ ΓNl,v(q1(t), q2(t), q3(t)) = 0 (13)

¨q3(t) + λ3q3(t) + Γl,w(q1(t), q2(t))
+ ΓNl,w(q1(t), q2(t), q3(t)) = 0 (14)

where Γl and ΓNl denote linear and nonlinear operators in
the set of equations.

2.1 Natural frequency

After neglecting nonlinear terms of Eqs. (12-14) and as-
sume harmonic balance hypothesis

q1(t) = Acos(ωt), q2(t) = Bcos(ωt), q3(t) = Ccos(ωt)
(15)

the following set of equations is transformed to the matrix
form given by

M(ωm,n)∆ = 0 (16)

where A, B and C are the contribution coefficients and
∆ = (A, B,C)T .
In this work we treat two cases, (a): with longitudinal iner-
tia (ü) and (b): without circumferential inertia (v̈).
Solving the system of obtained equations was made for the
same mechanical and geometrical configuration of the long
circular cylindrical shell treated experimentally in [8].
Three natural frequencies are obtained and associated to
the radial, axial and circumferential mode shapes.Usually,
the lowest frequency is associated with a motion that is pri-
marily radial.
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Fig. 1. Variation of non-dimensional frequency parameter Ω with
n; L/R = 22.67,R/h = 51.72, ν = 0.33.

Table 1. Comparison between theoretical and experimental re-
sults of natural frequencies (Hz) for different mode shapes in the
case (a): with in-plane inertia; L/R = 22.67,R/h = 51.72.

m n present worka Experiment[8] errora(%)
1 0 901.07 842.5 6.95
1 1 140.15 138.4 1.26
1 2 175.26 190.3 7.90
1 3 478.39 502.2 4.74
1 4 915.68 884.4 3.54
2 1 522.73 464.7 12.49
2 3 488.18 477 2.34
2 4 920.04 887 3.73
3 2 427.76 496.6 13.86
3 3 521.01 558.9 6.78
3 4 930.47 981.6 5.21
4 2 694.10 679.8 2.10
4 4 951.24 945.8 0.58

The results obtained in this work for the two cases consid-
ered are presented in Tabs. 1 and 2. In Fig. 1 we represent
the non-dimensional frequency Ω = ρ(1−ν

2)R2

E ω.
Analysis of the obtained results shows that they are in good
agreement if one takes into account the in-plane inertia. If
applicable, the calculation error exceeds 60 % which justi-
fies well the effect of in-plane inertia of the behavior of the
shell.

2.2 Stress

In this section we study the stresses with the two cases pre-
viously cited. The results obtained are shown in Figs. 2 and
3. In Fig. 2, for both longitudinal positions L and L/2 the
axial linear and nonlinear stress with and without in-plane
inertia vary in opposite directions from a radial value of
the contribution less than h.
In Fig. 3, for both longitudinal positions L and L/2 the cir-
cumferential linear and nonlinear stress with and without
in-plane inertia vary in the same direction with radial value
of the contribution. In Figs. 2 and 3 the circumferential and
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Fig. 2. The axial stress σx versus transverse response for m =
2, n = 3 in y = 2πR and two positions for x.
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Fig. 3. The circumferential stress σy versus transverse response
for m = 2, n = 3 in y = 2πR and two positions for x.

Table 2. Comparison between theoretical and experimental re-
sults of natural frequencies (Hz) for different mode shapes in the
case (b): without in-plane inertia; L/R = 22.67,R/h = 51.72.

m n present workb Experiment[8] errorb(%)
1 0 943.95 842.5 12.04
1 1 199.64 138.4 44.25
1 2 196.10 190.3 3.05
1 3 504.37 502.2 0.43
1 4 943.95 884.4 6.73
2 1 755.91 464.7 62.67
2 3 514.96 477 7.96
2 4 948.61 887 6.95
3 2 481.06 496.6 3.13
3 3 550.01 558.9 1.59
3 4 959.63 981.6 2.24
4 2 782.95 679.8 15.17
4 4 981.40 945.8 3.76

axial stress with in-plane inertia are larger than those with-
out in-plane inertia for x = L; for the second position, we
have the opposite behavior.

3 Conclusion

Results obtained in this paper are given in the form of table
and figures. A good agreement is obtained between the cor-
responding experimental and analytical results available
recently in the literature. The present result confirms the
importance of the in-plane inertia terms and their influence
on the behavior of linear and non linear thin shells.
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