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Abstract. Vibroimpact dynamics of a forced single-sided Hertzian contact oscillator are typically initiated
by jumps phenomena near resonances. It was shown that high-frequency excitations can be used to shift the
threshold of such vibroimpacts toward higher or lower frequencies of the basic excitation depending on the type
of the high-frequency excitation. These excitations not only produce a shift, but also soften the system behavior.
The present paper investigates the effect of time delay state feedback on the threshold of vibroimpact dynamics
of a forced Hertzian contact oscillator near the primary resonance. It is shown that for certain combinations of
the gain parameters of delay state feedback, the jumps disappear leading the system to be maintained in contact
when the excitation frequency sweeps through the resonance.

1 Introduction

In machinery in general and in rotating equipment in
particular, many mechanisms ensuring transformation
of motions typically use Hertzian contacts, as in ball
or roller bearing, gears, push-cam systems, to quote a
few; ses for instance [1-5] and references therein. Usu-
ally, a single-degree-of-freedom system is considered
for modelling the behavior of a moving surface under
a Hertzian contact. The performance of mechanisms
evolving in such a contact-mode in term of prevent-
ing high levels of vibration, noise and contact loss,
requires the contact-mode regime to be maintained
during a scan of decreasing or increasing frequency
through resonances. This wanted dynamic phenomenon
has been studied for an idealized preloaded and non-
sliding dry Hertzian contact near resonances using
numerical, analytical and experimental approches [6-
8]. It was concluded that the loss of contact is typi-
cally initiated by jumps near the resonances. There-
fore, performing techniques for controlling the location
of jumps is highly essential in order to enhance the
performance of the system and to prevent its deterio-
ration. In this context, three strategies were proposed
to control the jumps in a Hertzian contact oscillator
near the primary resonance [9]. The first strategy adds
a fast harmonic excitation to the basic harmonic force
from above, the second one uses a fast harmonic base
displacement, while the third strategy considers a fast
harmonic and parametric stiffness. It was shown that
the excitation from above or through base displace-
ment shifts the resonance curve left, whereas the fast
parametric stiffness shifts the response curve right. A
recent study was carried out near sub- and superhar-
monic resonances of order 2 and similar phenomena
were found [10]. The results demonstrated principally
that such control techniques produce a shift and soft-
ens the system behavior.

In this paper, the effect of time delay state feed-
back on the vibroimpact threshold of a forced Hertzian
contact oscillator is analyzed near the primary reso-
nance. The time delay is introduced in displacement
and in velocity. The purpose is to examine whether the
loss of contact phenomenon can be controlled when
the delay is introduced either in the displacement, or
in the velocity, or in both.

It is worth noticing that previous works investi-
gated the dynamic near the primary resonance under
time delay effect. For instance, the primary resonance
of a Duffing oscillator subjected to both delayed po-
sition and velocity was studied in [11], and the case
where two time delays are introduced in the state feed-
back has been analyzed in [12,13]. A study on the fre-
quency island in the delayed primary resonance was
carried out in [14]. Other works analyzed various non-
linear phenomena in delayed van der Pol equation,
including control of limit cycle, can be found in [15-
22].

In contrast to all these studies which are restricted
to Duffing-Van der Pol systems, the present paper fo-
cuses on the investigation of vibroimpact triggering
in a forced contact oscillator in which the nonlinear
restoring force is of Hertzian type. Our motivation in
this paper is to take advantage of the effective damp-
ing characteristic introduced by time delay to control
or eliminate the birth of vibroimpact in the system
under consideration.

The paper is organized as follows. The next section
presents the equation of motion, performs the multi-
ple scale method near the primary resonance and pro-
vides the frequency-response equation. In Section 3,
the influence of time delay state feedback on the loss
of contact is investigated for different cases of delay
state feedback. Numerical simulations are conducted
in each case of study to validate the analytical predic-
tions. Section 4 concludes the work.
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Fig. 1. Schematic of the dynamic model

2 Equation of motion and
frequency-response

Consider a vertically forced single-sided Hertzian con-
tact oscillator with delayed feedback in position and
velocity modelled by a single degree-of-freedom sys-
tem such that the moving mass m is supported by a
nonlinear restoring force [23]. A schematic model is
shown in Fig. 1. The equation of motion can be writ-
ten in the form [7,9,10]

mz̈ + c1ż + kz
3
2 = N(1 + σ cosΩt) + λzT ∗ + c2żT ∗ (1)

where zT ∗ = z(t − T ∗) and żT ∗ = ż(t − T ∗). Here z is the
normal displacement of the rigid mass, c1 the damping
coefficient, k the constant given by the Hertzian theory
[23], N the static normal load, σ and Ω are the level of
the excitation and its frequency, respectively, while λ
and c2 denote the gains of the delayed states, and T ∗
is the time delay. The static contact compression zs is
given by zs = ( N

k )
2
3 . Introducing the variable changes

as ω = (Ω
ν

), ν2 =
(

3k
2m

)
z

1
2
s , η = λ

mν2 , ξ1 = c1
2mν , ξ2 = c2

2mν ,
x =

3(z−zs)
2zs

, τ = νt and T = νT ∗, the dimensionless
equation of motion takes the form

x
′′

+ 2ξ1x
′
+

(
1 +

2
3

x
) 3

2
= 1 + σ cosωτ + ηx(τ − T ) +

2ξ2x
′
(τ − T ) +

3
2
η (2)

where the prime denotes deffirentiation with respect
to τ.

Expanding the nonlinear restoring force in Taylor
series around the static load and neglecting terms of
order greater than three in x, Eq. (2) takes the form

x
′′

+ α1x
′
+ ω2

0x + βx2 − γx3 = σ cosωτ + ηx(τ − T ) +

α2x
′
(τ − T ) +

3
2
η (3)

where α1 = 2ξ1, α2 = 2ξ2, β = 1
6 , γ = 1

54 , ω2
0 = 1 and

G = − 3
2η. To analyse the dynamic near the primary

resonance, we express the resonance condition by in-
troducing a detuning parameter δ according to

ω2
0 = ω2 + δ (4)

Introducing a small bookkeeping parameter µ and scal-
ing the parameters in Eq. (3) as α1 = µα1, α2 = µα2,
G = µG, β = µβ, σ = µσ, δ = µδ and γ = µ2γ, yields

x
′′

+ ω2x = µ(−α1x
′ − βx2 + σ cosωτ − δx

+ηx(τ − T ) + α2x
′
(τ − T ) −G) + µ2γx3 (5)

Using the multiple scales method [24], we obtain the
slow flow modulation equation of amplitude and phase



dr
dτ

= Ar + H1 sin θ + H2 cos θ

r
dθ
dτ

= Br + Cr3 + H1 cos θ − H2 sin θ

(6)

where A = −(α1
2 +

η
ω

sin(φ)− α2
2 cos(φ)), B = δ

2ω− α2
2 sin(φ)−

η
2ω cos(φ) + (α2δ−ηα1

4ω2 ) sin(φ) + (α2α1ω
2+ηδ

4ω3 ) cos(φ) − ( η
2+δ2

8ω3 ) −
(α

2
1+α2

2
8ω )− βG

ω3 , C = −( 5β2

12ω3 +
3γ
8ω ), H1 = δσ

8ω3 − σ
2ω −F1 cos(φ)−

F2 sin(φ), H2 = α2σ
8ω2 + F1 sin(φ) − F2 cos(φ), F1 =

ση
8ω3 ,

F2 = σα2
8ω2 and φ = ωT . Eliminating the phase θ from

the system (6), we obtain the following amplitude-
frequency response consisting of a six order algebraic
equation of the amplitude r

C2r6 + 2BCr4 + (A2 + B2)r2 − (H2
1 + H2

2) = 0 (7)

3 Influence of delay states on the
frequency-response

In this section, we analyze the effect of delayed dis-
placement and delayed velocity on the frequency-response
and on jumps phenomena. Hereafter, we fix the pa-
rameters σ = 0.04 and ξ1 = 0.01. Figure 2 illustrates
the frequency-response curves, as given by Eq. (7), in
the case where the delayed feedback is present only in
the position (η , 0, ξ2 = 0), for the time delay T = 0.1.

In Fig. 3, we show also the frequency-response in
the case where the delayed feedback is introduced in
the position (η , 0, ξ2 = 0), and for the time delay
T = 3. It is clearly seen from these figures that for a
small increase of η, the response curve shifts toward
higher frequencies and the softening characteristic de-
creases slightly.
In Fig. 4 is shown the frequency-response curves, as
given by Eq. (7), in the case of delayed velocity (η =
0, ξ2 , 0), and for the time delay T = 3. The plots indi-
cate that as the gain of the delayed velocity increases
slightly, the peak amplitude in the frequency-response
decreases, and the jumps are suppressed (Fig. 4c).
Figures 5 and 6 depict the effect of the feedback gains
η and ξ2 when applied simultaneously. The plots show
that increasing η and ξ2 simultaneously causes the
peak amplitude of the response to decrease, and the
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(c) η = 0.2

Fig. 2. Frequency-response curves versus ω for T = 0.1 and ξ2 =

0.
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(c) η = 0.08

Fig. 3. Frequency-response curves versus ω for T = 3 and ξ2 = 0.
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Fig. 4. Frequency-response curves versus ω for T = 4 and η = 0.

jump to disappear. Also, by inspecting these figures,
it is evident that, for the same values of η and ξ2, a
decrease of time delay from T = 3 to T = 1 causes the
peak of the amplitude to decrease. This finding can
be understood in Fig. 7.

Indeed, Fig. 7 depicts the variation of the ampli-
tude versus the time delay T for different values of
the displacement gain η (Fig. 7a, with ξ2 = 0), and of
the velocity gain ξ2 (Fig. 7b, with η = 0). These fig-
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Fig. 5. Frequency-response curves versus ω for T = 3.

0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06
0

0.5

1

1.5

2

2.5

ω
r

(a) η = 0.01, ξ
2
 = 0.0001

0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06
0

0.5

1

1.5

2

2.5

ω

r

(b) η = 0.04, ξ
2
 = 0.005

Fig. 6. Frequency-response curves versus ω for T = 1.

Fig. 7. Amplitude variation versus T for w = 1. (a): ξ2 = 0; (b):
η = 0 .

Fig. 8. Amplitude variation versus T for w = 1. Analytic (solid
line), Numeric (circles). (a): ξ2 = 0; (b): η = 0.

ures show the periodic characteristic of the amplitude
variation with respect to time delay T .

To validate this analytical finding, Fig. 8 compares
the amplitude variation obtained analytically (solid
line) and numerically (circles) by using the fourth-
order Runge-Kutta method.
Finally, in Fig. 9 is shown the frequency-response

curves for two different values of T picked from Fig. 7
and corresponding to minimum and maximum points
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Fig. 9. Frequency-response curves versus w. (a): η = 0.03, ξ2 = 0;
(b) for η = 0, ξ2 = 0.02.

of the amplitude response. points are indicated on the
curves (circles).

3.1 Conclusion

The influence of time delay state feedback on the vi-
broimpact threshold of a Hertzian contact oscillator
has been investigated near the primary resonance. The
delay was introduced in the position and in the ve-
locity. The method of multiple scales was used and
the amplitude-frequency relations were derived. It was
shown that a slight increase of the gain parameters,
when applied separately or simultaneously, produces
a shift of the amplitude-frequency response and sup-
presses jumps phenomena, ensuring the system to be
maintained in contact when the excitation frequency
sweeps through the resonance. The analytical predic-
tion of the amplitude variation summarizes the pos-
sible situations of the frequency-response when the
time delay is varied. Specifically, for some gain com-
binations, the peak amplitude undergoes a periodic
variation, such that the peak decreases in certain in-
tervals eliminating softening and jumps behavior, and
increases in others producing softening and jumps in
the system.
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