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Abstract. In this paper, We focus on conditional quantile regression learning algorithms based on the
pinball loss and I9-regularizer with 1<q<2. Our main goal is to study the consistency of this kind of
regularized quantile regression learning. With concentration inequality and operator decomposition
techniques, we obtained satisfied error bounds and convergence rates .

1INTRODUCTION

Let X be a compact subset of R" and Y=R , pbea
Borel probability distribution on Z=XxY which governs
the relationship between the input data x and the response

y. The set of samples z={(X;,y;)}", are drawn

independently from p . The goal of quantile regression
learning is to estimate the conditional T -quantile

function f__, it’s value f__(X) is defined to be the t-

quantile of conditional distribution p(-|X) , ie,
f.x)=u such that
p({y e (=0, ul}[x) 21

and p({y € (U, 0]} x) 21-1,x e X (1)

Here 1€ (0,1) is a fixed constant specifying the
desired quantile level. Throughout this paper, we assume
that the conditional distribution p(-| X) is supported on
[-1,1] almost surely for almost all X & X . This

assumption yields that | f_ . (X) [<1 almost everywhere.

Since least square loss @(y,t)=(y—1t)*> s
appropriate  for regression learning, and hinge
loss @(y,t) = max{l—yt,0} is for support vector
machine  for classification, the z-pinball loss
Yy RN,

0 @-7)u, if u>0,
VTl i uso

is used in quantile regression learning. The associated
generalization risk for f: X — R is

e.(0=[ _v.(f-y))p()
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and f_ minimizes the generalization risk €. (f), see
[12].

Let K be a Mercer kernel, i.e.,, a continuous,
symmetric, and semi-definite function defined on XxX.
The reproducing kernel Hilbert space Hx is defined to be

the completion of span {K, =K(,,X):x e X} with
the inner product <K ,K, >=K(X,y) (see [1] for

detail). Kernel based quantile regression learning
schemes can be described as

L
fo =argmin{— > v, (f) -y) + 1} @)
K i=1

Here Hk is taken as the hypothesis space, and the
penalty term is based on the norm of functions in Hx. The
error bound and asymptotic convergence of this learning
scheme have been discussed, see [18,12] and references
therein.

To balance the approximation ability and sparsity of
the algorithm  (2), the e-insensitive  pinball

lossy : R —> N,
(1-t)(u—¢g), if u>e,
v U) =4 -t@u+e), if u<e,
0, otherwise.

is used to replace the t-pinball loss _, and performance
of the associated regularization scheme

) H 1 3 t)
£ =arg min {3 v (f0x) -yi) + M F I} @)
Ke i=1
is studied in [19].

Now, we restrict our attention to coefficient-based
regularization schemes in a data dependent hypothesis
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space. The hypothesis space here is determined by a
kernel function K: XxX — R and the sample set z,

Hg., ={iaiK(xi,-):a:(al,---,am)GSR”‘}.

Here the kernel K is only asked to be uniformly
bounded and continuous. Since we don’t require a Hilbert
or Banach space norm for functions in the hypothesis

space, the penalty term A || f ||% is replaced by some

norm of coefficient vector o € R™ of function f.

This kind coefficient-based regularized network was
first introduced by Vapnik [15] to design linear
programming support vector machines. Taking this
regularization scheme, one can more freely choose kernel
function K and different norms of coefficient vector as
the regularizer to fit the data in certain trend. Coefficient-
based regression learning with 19- norm for 1<g<2 can be

defined as f,=f, where

o, =arg mjj}{;Z(yi —f,06))% +Am™ 3 Ja |‘*} 4)
ae -1 =

Mathematical analysis of coefficient-based regression
learning (4) has been established, include, framework of
analysis for coefficient-based regression learning is
proposed in [17] , for coefficient-based regression
learning with [*-norm penalty see [20,8,13], for
coefficient-based regression learning with I?>-norm
penalty see [7,14], also for 19-norm penalty see [6].

In the quantile regression learning, Li and Sun takes
more general kernels and e-insensitive pinball loss with
I2-norm and I*-norm regularizer respectively, see [4,5] .

In this paper, we consider the following quantile
regression learning scheme with e-insensitive pinball loss
and coefficient-based 19-norm regularization
(1=g=2),

P L
£ =arg min {3y (f(x;) - y,) + A0} )
Ke i=1

where Q(f) = mq‘lz| ol and f :ZaiK(.,xi). In the
i=1 i=1

sequel, the empirical t-quantile error of a function f is

denoted by

e, ®=SSyOdx)-y)  ©
m 5=

We will prove the asymptotic convergence of this
learning scheme, i.e., how the output function fz(i‘)

approximates the quantile regression function fp’T as

m— o0. In fact, we extend the existing results of this
learning schemes from I' and I? regularization to more
general 19 regularization (1=g<2).

The rest of this paper is organized as follows. In
section 2, we give the assumptions and main result. In
Section 3, we give the estimates for hypothesis errors and
sample errors. In Section 4 we give the error bound and
learning rate by iteration method.

2 Assumptions and Main Result

The projection operator (see [2]) deals with heavy tailed
noise well, that is helpful in obtaining our main result of

fz(?) approximating f .

Definition 1. The projection operator 7 on the space
of function on X is defined by

1, if f(x)>1,
adx) =1-1, if f(x) <-1,
f(x), if —1<f(x)<1.

. (g) .
Since | f, . (X) [<1 almost everywhere, n(f”) is a
better approximation of f__ than fz(?. We will bound
() R . .
the error of n(fzi) approximating fp’t in function

pp'

space L‘:: . Here the index p =——, and p,p' are
X p+1

the parameters in the following distribution condition
proposed in [10]. This p-average type p' condition can
measure the learnability of t-quantile, also guarantee the
uniqueness of t-quantile function fp’T .

Definition 2. Let p € (0,+00] and p'e (1,+0). We
say that p has a t-quantile of p-average type p' if for

almost all X € X, there exist a t-quantile t” € R and
constants a, €(0,2],b, >0 such that for each

se[0,a,],
p({ye(t —s,t)}x)>b s", and

p({ye(t’, 1" +s)}x) = b,s"™, (7)

and that the function y: X —[0,00], y(x) =b,a?™*,
. g -1 p
satisfies Yy~ e L, .
Under the p-average type p'
p € (0,+00] and p'e (1,400). It is proved in [11] that
for any measurable function f on X,

1
Lp* < Cp',p{s‘c (f) - 8‘l: (fp,‘: )}pl ’ (8)

condition with

[ A

— PP g

Where =
P p+1

, and

L L
Cop=2 "P7IH{(ba% ") e I

By this conclusion, we can bound the error in learning

theory scheme. Note that €, (f) —¢ (f,.) depends on

random samples {z;, = (X;,Y;)}, and the ability of
hypothesis space approximating the target function fm,
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we define the regularization function f, by  most zero due to || g, "le 9, ”'—ix The fifth item is
_ ; _ 2
f, =arg PQH: {8T (0 —e.(f)+Al T ”K} < less than (1+x%)D(A) for the reason that
Here K(X, y) = J;( R(x, t)R(y, t)dp, (t) and 19, [l <If, lz<x|f, . This proves the desired

K(x,y) = [ Kx DK, oy (0.

Although kernel K is not positive semi-definite, K

and K both are Mercer kernels, and associated
reproducing kernel Hilbert spaces are denoted by Hk
and H, . Thus L and L, are compact, self-adjoint,
positive operator on szx , and there holds

2
LR = LKLK’LK = LR

By the fact that f, eH, , there exists h, € szx

(10)

(11D

continuous

1
such that f, =L%h, =L Lh,.
Through introducing
functiong, = L h, , and

~ 1 &
fz,x = Ezgx(xi)K('fxi) eHy,.
i=1

we can decompose the excess generalization error as the
following.

m
Proposition 1. Let 2>0 and f% :ZaZ]iK(-,Xi)
i1
given by (5). Then
£, (n(t?)) e, (F,) +2E?)

<S,+S,+H,+H, +(1+«")D)

Where
S, ={e.(n(f?)) —¢.(f, Y., () —¢_,(F, )},

s, ={e., (n(f,,)) ¢, (f, }~{e. (n(f,,)) - &, (F, )}
H, =2Q(f,,) -1l g, ||3qu H,=¢.(f,,)-¢.(f),
D) =¢.(f,)—e.(F, )+ 1T, I}

The left hand side of (12) can be decomposed as
{e.(n(f))-e, (F, .. (0(E) )&, (F, )}
e, () + 2 O}, , () +2(f,, 3
+e.,(F,.) e, (F, 3 —fe.(F,,)—2.(F, )}

+e., (F,,) —e. ()} +e. () —&.(F, ) 2l g, II‘ﬂzpx
Q) -rg I 3+g I, Al 3

Observe that €_, (n(f (?))S e, (f (f)) by |y|<1, then the
second item of the above equation is at most zero by the

(12)

definition of fm and W (U) . The last item is also at

inequality.
Let A, =\, >--- be the nonnegative eigenvalues of
integral operator L, and @, ,K € N be the associated

orthonormal eigenfunctions.
Our approximation condition is given as

f . =L%0,. forsomeo<rsi,g el? (X). (13)

Proposition 2. Under the approximation condition
r

(13), and 0<A<1 . Then there holds D(A) < C A"

; _ g
with the constant C, =/ g, ”Lix +19,. ||sz>< .

Proof. Because V_ is

DM <, —f, Ml +AIF IR

a Lipschitz function,

2
LPX

It follows from (13), f, . =D A{o, @, when
k=1

9,.= Zak(pk Let h=r+(1-r)q. When 0 <A <A},
kL

1

there exists N, such that Ay, <AM <Ay

N
Taking Ty, = ZXLak(pk , we have

k=1

N 22
I =D 20 AN, IE <A™ (g, II%

k=1 PX PX
and

- o
_ 2 _ r 2 h 2

I fx fp,r "'-an =| k:z’\M)“kak(Pk ”,_%X < | 9,.c ”,_ix
Then

DOY < i -fe e +2 1T I

q r+(1-r)q
< (” gp,r |||_%)< + " gP»T ”L%X )x

For the case A >\, , the conclusion holds by
D(?\,) S” fp,r |||_f))<

Our sample error is estimated through a concentration
inequality, so the capacity of the hypothesis space plays
an important role. Covering numbers are often utilized to
measure the capacity which have been well studied in
[21].

Let F be a set of functions on X, X ={X, }, € X* .

. The proof is complete.

The sampling operator S, : F — RY, is defined by
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S (F)={f(x)}, ., for f €F .
covering number of F is defined by
N,(F,e)=supsup N,(S,(F),¢) (14)

keN xexk

The I?-empirical

Here N,(S,(F),€) is the covering number of

S, (F) in Euclidean space R* with the normalized I>-

metric d.
For any R>0, denote that

m 1
Br ={f e Hy, [If[l,i=(M" D | e [)* <R}.(15)
i1
It is proved in [7] that if Ke C*(XxX),
holds
log N,(B;,e)<c, e, Ve>0. (16)

there

Here C, is a constant independent of >0 and
0 <p <2 isapower index defined by
2n/(n+2s), when 0<s<1,
u=<2n/(n+2), whenl<s<1+n/2,
n/s, when s >1+n/2.

Our main result is given in the following that will be
proved in Section 4.

Theorem 1. Assume approximation condition (13)
with 0<r<1 and capacity condition (16) with O<u<2 hold.
Suppose that p has a t-quantile of p-average type p' for

some p € (0,+0] and p'e (1,+w), p = ﬁ
p+1
_(=gr+q

r
Taking A=m 2 and e=m" With§£m<w0.

Then, for any 0<4<1, with confidence 1-3, we have
2u

[ECHORS P <b{b(9H,8,n)2“‘

PX

+ (1+ —log g)a log Q}m 2 a7

Here b, is a constant independent of m or 8, and

b(e,p,g,n) is given by (25).

)
We deduce the same learning rate O(m 2) as that

for the quantile regression learning scheme with e-
insensitive pinball loss and I*-norm regularization in

Ref.[5]. But the constant b(6, u,g,n) and the term

1
(1+l log ?)q in the right hand side of (17) is related
m

to regularization parameter q.

3 Estimates for hypothesis errors and
sample errors

In this section, we firstly estimate the hypothesis error H;

and H, by the following probability inequality in [9].
Lemma 1. Let H be a Hilbert space and & be a

random variable on a probability space (Z,p) with values

in H. Assume ||E';||Sl\~/|<oo

o (€) =E(|| &%) . Let {&}", be independent random
drawers of & For any 0<4<1, with confidence 1-3,

ZGZ(a)logg

m

almost surely. Denote

1@ 2I\~/Ilog§
IIH;[&—E(&)]IIS e

Proposition 3. For any 0<6<1, with confidence 1-5,
we have

4
q
3k"D(A)log 5 q

Hl < +?D(7\z),
and
1 2Iog
H, <« DO“) bO) 78 f +[2109 23,
A q\/_ m °

Proof. Let us deal with Hj first. Consider the random
variable &= g, (X) |* on (X, py) with valuesin R,
then

19, (9 "= fx K(tx)h, Odp @ < [ hy I
=)

N A A

o0)

Hence, | < k* It easy to see

thatEE | g; [y @

Q) <EE) = o, Fip, << 2 W

Applying Lemma 1 to &= g, (X) |*, we have with
confidence 1-3/2,

H,=2(,) - Mg, Il

L2D0Y 4 \/szqu(x) 0g?
om 5 m 5
31(q 3x'D() log 4 K

— D).

As for Ha. Since _ satisfies Lipschitz condition,
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e(f.)—e.(F)
<[ . 00 —£,001dpy 0 <, —F, 1l

Apply Lemma 1 to the random variables
{x) =0, (XK, on (X,py) with values in the Hilbert

space szx It satisfies E(C) =L,Q, =T,
: D0)yq
}\‘ H

(18)

ISle <xllg, ll.<x

2
o’ (0) <«* (%)q . Thus with confidence 1—% , we

obtain,
2D, 4 |2*DO)" . 4
I, 6,0, < 2P0 j0g, [2BB) 152
ma 9 mA¢
1
=? DO“) —=—{2m 2Iog +./2log }.
2)\‘11 6
This implies the desired estimate.
Let 0 be given by
.2 p
0 =min{—,—}<(0,1]. (19)
p' p+1

and the constant C, = 2*"p* || y™ ||(Zp . The
PX

estimate of sample error S, follows.

Proposition 4. Suppose that p has a t-quantile of p-
average type p' for some p € (0,+] and p'e (1,4+0).
Assume B; satisfies (16) with some 0<u<2. Let R=1 and
0<A<1. Then, for any 0<4<1, with confidence 1-3, we
have

1 _2(1-0)

1. 5
S, <C.(1+=log>)%log=xm *20
» SCy( - 98) 9

r-1 0 r-1+0
x (), -or+a mfi + (l—q)r+Q)_

Here C; is a constant independent of m,A,0 .
Proof. Recall the estimate of Hj, for any 0<8<1, with
confidence 1-25/5, there holds

3x'D(\), 5 Kk"D()
*Zlgx(x)lq—llgxllw— . |Ogg+ o

which implies the existence of a subset U, < Z™ with
measure at most 25/5, such that

=310, 0= ma 02+ 250 1y

A
=RY, VzeZ"\U,.

This inequality ensures that for every ze Z™ \ U,

we have fm € BR) .
By the proof of Proposition 5 in [4], there exists
U r, With measure at most &/5 such that for every

zeZ"\(U;UUg ), we have
{e., () —e,(F, )3{e. () —&.(F )}

2(1-6)

1~ ~ o ~
<SCURIM CE 5 F) e, 6

1~ _2(1-8)
#SCHRE M SO g (1) -, (F, ) (20

2

1
+2(C—9Iog 5)2 +C, CR,m “C*
m ~95

+18(k +1) —*- R, Iog 5 max{R 1}.

Proposition 2 yields that

21 5 1
R, <((3C, )qK+1)x<1-Q>f+Q( ~log 2 +1)°

and

r-1

e.(f,)—e.(f,.)<DQ) <Cyr (s,

Moreover, from Proposition 3, we know that there
exists a subset U, with measure at most 25/5 such that

forevery ze Z"\U,,

s(fn) e (f)<«’ 0”) —{m 2Iog +./2log }
2)\(1

Finally, let U=U, JU,UUy , the measure of U

is at most 8. For every Zze Z™ \U, by plugging the
above estimates into (20), Proposition 4 holds.
We next bound S; by Proposition 5 proved in [4].
Proposition 5. Under assumptions of Proposition 4.

Let R>1 and O<A<1. Then, for any OVé<land all f € By,

with confidence 1-9, there
holds
{e.(x(f) - (f, )} —{e.,(=n(F) —¢ ,(F, )}
1 2uuE0) - 2(1-0)

< ECfeR 2+ m 4+“6_26{8¢ (n(f)) _ Sr(fpﬂ)}e

— . 2w 2
+(36+2C9279)|0ggm 2-0 +CHC1R2+pm 4+10-20

Here C; is the constant dependent on the constants
lJ.,e,Cu,K ;CO-
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4 Error Bound and Convergence Rates
by Iteration
In this section, we deduce the error bound and
convergence rate by the iteration technique.
For Rz1, denote W(R) ={z e Z" || f) |[< R}.
Proposition 6. Assume that (13) and (16) hold.

Suppose that p has a t-quantile of p-average type p' for
some p € (0,00] and p'e (L, 0). Let 0<i<1,R=1, and

0<3<1. Then, there exists a subset Vi, of Z™ with
measure at most & such that for any z € W(R)\ Vg,
e (n(f) —e (fpf)+7»9(f(” )

2 2
<CR¥"m *¥ 4 C (L

Iog —)Iog — (D(m, A)+2¢

Here C and C, are constants independent of m,,3,

and
r-1 1 r-1-9 2(1-6)

l(l q)r+q +X(l q)r+qm +7L(1 q)r+qm T 4-20+10 (21)

D(m, \) =

From proposition 3 we know that there exists V1 of

Z™ with measure at most 28/5 such that

q
H, < 3DR) 10 K < b0y

and

1

2 D(K)
Jm: xq

hold forany ze Z™\ 'V, .

H,<x

}

From proposition 4 we know that there exists a subset
U, of Z™ with measure at most 3/10, such that

for Vz e W(R) \ Uy,
1 2u(1-0)  2(1-6)
S 2 Cl GR 2+p m 4+p0— 26{8 (Tf(f (a))) € (fpr)}

1 10 -1 22

+(36+2C2)log 5 m 290 4+¢ C,R**m +0720,
From proposition 5 we know that there exists a subset
V, of Z™ with measure at most 8/2, such that for
VzeZ™\V,,

2(1-0)
4729+ue

S,<C (1+i log E)alog 10

r-1 0 r-1+0
x (A (9ra m 2+ (-ar+ay,

Thus,by taking V; =V, UV, U Vg, the measure
of V; is at most 8. With the above bounds combined in
proposition 1, for every Vz W(R)\V , there holds

6. (m(F) -, (F ) +2Q(ED) <= C(l+—|og—)

1 2;1(1 0) (1 0)
Iog—q)(m x)+ CH'R 2* m 4ru0-20
a2
xfe, (m(fE)) —&,(F, )} +c,CRZ*m #1072 4 ¢

Lett =& (n(f)) —e.(F ) +AQEY) . The

above formula can be expressed as
1 2u(1-0)  2(1-0)

t_zci—eR 2+p m 4+u6—29t9

-I1<0. (22)

Where 1T is the rest three terms. By Lemma 7.2 in
[3], the unique positive solution t" can be bounded as
2u(1-6)  2(1-0)
t" <max{C,R ** m **% 211}
2p(1-0) 2(1-6)

SC]_R 2+p m 4+u0—29+21—[

Hence, we complete the proof.

Lemma 2. For almost every Z € Z™ , we have
1
1 =

1151 C)°. (23)

By the definition of f,, and y|<1 ,we have

M Z\v“’ (5 (<) - y) +2Q(f)7)
S%Z ©(—y,)+1Q(0) <1
i=1

So Lemma 2 holds almost surely.
The above bound for || f(g) ||, is rough, to obtain a

tighter bound we shall apply iteration technique that has
been widely used in learning error estimate, see [11,16].

For simplicity we denote ®, = in the

4—-w0+ o
following.

Lemma 3. Under the assumptions in proposition 6,
taking A=m" ande =m™ with 0<B,0<1/2.
Suppose that p has a t-quantile of p-average type p' for
some p € (0,4o0] and p'e (1,4+). Then, for any
0<6<1 and arbitrarily small 0<n<1, with confidence 1-5,
there holds

2+p

I3 1< (M° e (1+Cy)* ™ + C)b(O, u, 8,m)m™ .(24)

Where
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10 2
b®,u,8,m)=(1+L,,,)log 5t logL,, ,)°

1, 10 2
><(1+E(Iog§+logLe_u‘n))q (25)

and L, isgivenby (31), 9]1

0, =max S {B(L-— )+ max{0, b
q q

(A-a)r+

(1-0)p 1
= (1-0)0,}B-0,(B - o) ——+n}.
e G- O0dB-0.(-0) =)
Proof. Taking A=m" and e=m™®
for any R>1 there exists a subset V; < Z™ with

measure at most & such that
2u
2.
190, <a, R +b,

is given by

in proposition 6,

Vze W(R)\V,. (26)

Where
B-wg

— q
a,=Cm ",

10*

- C(1+—Iog )" (log 10yq

A
)q mY_b mY

Here Cq,C are constants mdependent of m,A,8 and

—max L1 B 1
P P g ™ g 2
_(A-0B _

- Qrq (1-0)w,}.B -0}

It follows that
2u
W(R)cW(a, R +b YUV,. @7

1
1 =
Let us define a sequence {R}-, , R = (X)q

and
2u

0 _ () y a2+
RY=a,(R")™" +b,,

leN (28)

Lemma 2 gives the identity W(R©®) = Z™ . We see
that

2" “W(R®) € WR®) UV, < WR®) U (Vi)
1=0

Since the measure of VR<'> is at most 6, the measure

2
of W(R™) is at least 1-L3. Denote A = I 1,
a@2+p)
we have
L-1
RO < alnfMA +rotA (R(O))A _l_zaln:MA oAl bﬁ: N bm

=1

l-qr+q 2’

>

A L AP RN B
M@, o g o

EE O R \

N - A

+akty (@, 2b,)" +b,
=1
B 2+p

<M @w (1+C )q(2+u)—2u

1%([3 o) a2 e 62+ Wo‘lq(2+},l)f3p72
q o(2+pn)-2p q(2+p)-2p q(2+p)—p

B)}
xm

92+ (B-oy) 92+
+(L+ 1)b5mv + LCY&m-2um q2+p)-2p
q

Q)
When B<—2, let
A

L, =max{(log B)+1 1}, (29

Q(Z'Hl) (1 A)

Otherwise, let Ln =1. We have that

AL(B—&(B—%))SH-

Then, with confidence 1- L 0 , there holds

2+

121, (b, +M? T (1+C) ™™ ™)(1+L,)m™ (30)

By a simple calculation we can obtain
A

@,
<log (zﬂl) a—nm A +1=L,, .. (31)

Then our result follows by replacing  as 8/Ly, , .

Finally we are in the position to prove our main
results.
Combine Lemma 3 with Proposition6, and replace 6
by &/2 in both results, with confidence 1-5, we have
2p

¢ o 2.
[ECGOR AN <b{b(6. 1.5 NV

P

+ (1+i log @)Elog @)‘P(m N (32)

Here b is a constant independent of m, & and n, and
ﬂe -0y
P(m,A) =0m,A)+m* " +m

(1- q)r+q
2

o —O(m-) (33)

By choosing B =f3, =

1-ng_, o, _(1—q)r+q
2 1-A  21-A)

6, = ax{l r (1-gr+q-2m
2 2q

O<n<

, we have

ig

Thus
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_p(d-n
2+p

(B, ®)=min{ o, % L,

u (1—q)r+q—2w}

(D —
° 2+p q

r
Our conclusion follows by taking E S®<®,.The

proof of Theorem1 is complete.
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