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Abstract. The relationship between the entropy increment and the viscosity dissipation in turbulent boundary-layer is 
systematically investigated. Through theoretical analysis and direct numerical simulation (DNS), an entropy function 
fs is proposed to distinguish the turbulent boundary-layer from the external flow. This approach is proved to be 
reliable after comparing its performance in the following complex flows, namely, low-speed airfoil flows with 
different wall temperature, supersonic cavity-ramp flow dominated by the combination of free-shear layer, larger 
recirculation and shocks, and the hypersonic flow past an aeroplane configuration. Moreover, fs is deduced from the 
point of energy, independent of any particular turbulent quantities. That is, this entropy concept could be utilized by 
other engineering applications related with turbulent boundary-layer, such as turbulence modelling transition 
prediction and engineering thermal protection. 

1 Introduction 
Entropy, in addition to energy, is a central physical 
quantity in thermodynamics. It serves as a measure of the 
irreversibility of a process and a criterion describing the 
thermal equilibrium of a system. It also represents the 
degree of disorder within a system [1]. Because of its 
general features, the entropy concept has been extended 
to many other fields, such as thermodynamic 
optimization, information theory and computational 
techniques [2]-[6].  

As for the turbulent flow, McEligot et al. [7] 
concluded that about two-thirds or more of entropy 
generation occurs in the turbulent boundary-layer. Then, 
Zhao et al. attempted to denote the turbulent boundary-
layer by the entropy concept. Through Direct Numerical 
Simulation (DNS) of supersonic compression ramp flows, 
they found that the value of entropy is much larger in the 
boundary-layer and keeps decreasing monotonously in 
the wall normal direction [8]. Based on this character, 
they revised the length scale of Baldwin-Lomax model, 
enhancing its robustness in simulating supersonic 
complex flows. Although these achievements indicate 
another latent capacity of entropy, the definition of 
entropy expression for turbulent boundary-layer is still 
not comprehensive. 

This paper continues the previous work, and tries to 
extend this entropy concept from both the theoretical and 
numerical aspects. We hope this investigation here could 
be served as another approach for turbulence modeling, 
transition prediction, etc., where the calculated turbulent 
boundary-layer is always necessary. 

 

2 Entropy expression 
Virtually all flows of practical engineering interest are 
turbulent. Due to the irregular motion of turbulence, the 
transportations of mass, momentum and energy are 
enhanced, while extra energy is dissipated. In the near 
wall region, as for the fierce turbulent fluctuation and 
wall frication, a portion of mechanical energy is 
irreversibly transformed into internal energy, i.e. the 
entropy increase. It should be noted that a similar process 
also occurs due to the wall heat flux or the deceleration of 
flows where shock waves appear.  

For the perfect gas model, the relation of entropy 
increment and energy change is revised by 

dd q
s

T

�           (1) 

where s is entropy, q is the heat transfer, and T is the 
local temperature. This form of the definition is different 
from the usual one [9] in two aspects: (1) q is the actual 
heat added on the system, no longer limited to the one 
caused by the reversible process only. (2) 
Correspondingly, the entropy increment ds is 
proportional to the exact differential dq.  

With the conservation law of energy, also called First 
Law of Thermodynamic 
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substituted into Eq. (1), we can finally get 

   
 

 
  

 
DOI: 10.1051/0 (2016) matecconf/2016MATEC Web of Conferences 7707

ICMMR 2016

,7 2005 2005

 © The Authors,  published  by EDP Sciences.  This  is  an  open  access  article  distributed  under  the  terms  of  the Creative  Commons Attribution
 License 4.0 (http://creativecommons.org/licenses/by/4.0/). 



   d d(ln )
V

p
s c ��
�     (3) 

where u=cVT is the internal energy, cV=R/(γ-1) is the 
specific heat at constant volume, R is the gas constant, 
γ=1.4 is the specific heat ratio, and p and ρ are the local 
pressure and density, respectively. As Eq. (3) shows, s is 
proportional to p/ργ. We define entropy in this research as 

    p
s ��
�     (4) 

As aforementioned, the increment of s is proportional 
to the heat transfer q, no matter where the heat comes 
from (Eq. (1)). However, in order to employ the 
increment of s to discern the boundary-layer, the first step 
we should do is to separate the heat caused by viscosity 
dissipation from the total, especially from the wall heat 
flux due to both are mainly produced in the near wall 
region. 

2.1 Process I: Entropy increment produced by 
viscosity dissipation 

One of the commonly used temperature-velocity 
relationships for zero-pressure gradient boundary layers 
is Walz’s equation [10]. 
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in which the subscript ∞ denotes the free-stream values 
and the recovery temperature Tr=T∞(1+r(γ-1)Ma∞

2/2) with 
the recovery factor r=0.9. 

Differencing each side at the wall by multiplying the 
heat conductivity coefficient k, we can get the Reynolds 
analogy relationship 
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where k=μcp/Prt, cp=Rγ/(γ-1) is the specific heat at 
constant pressure, and Prt=0.9 is the turbulent Prandtl 
number. 

Obviously, the left term in Eq. (6) is the heat caused 
by the wall heat flux (Q2) and the second term on the 
right is approximately the heat produced by the viscosity 
dissipation of kinetic energy (Q1). Thus, in the near wall 
region, we may separate the sources of heat by defining a 
new parameter σ, 
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As Eq. (7) implies, σ is determinate once the 
boundary condition is given. The behavior of σ is 
portrayed in Fig. 1. When σ>0, it means the wall heats the 
fluid up; σ=0 means the adiabatic wall condition; σ<0 
means the heat in the fluid transfers into the wall. The 
influence of wall heat flux is obvious at low-speed flows. 
With the free-stream Mach number increased, the value 

of σ is tending to be constant, i.e. -0.496, which suggests 
the proportion of wall heat flux to the viscosity 
dissipation rate of kinetic energy is to be constant in 
hypersonic flows.     

 
Figure 1. Ratios of wall heat flux along with increased Mach 
numbers  
 

Assuming σ affects the whole boundary layer and its 
impact is uniform, in the near wall region, the 
nondimensional entropy increment caused by viscosity 
dissipation solely could be roughly evaluated by 
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Table 1. Simulation conditions for boundary-layer flows

 Ma∞ Re Tw/T∞ Tw/Tr 

Case1 0.7 5.0 104 1.098 1.003 

Case2 2.25 6.35 105 1.9 0.961 

Case3 6 2.0 106 6.98 0.878 

2.2 Process II: Entropy increment ratio

When the external potential flows pass the vehicle 
surface, the velocity is gradually decreased to zero due to 
the viscous frication. Hence, it is natural to foresee that 
the values of entropy increment near the wall are directly 
related with inflow speeds. In order to get rid of this 
dependence on Mach numbers, a new entropy concept, 
named entropy increment ratio ( s ), is introduced. 

    vis
2

s
s

Ma�


�            (9 ) 

s represents the viscous dissipation rate of per unit 
mechanical energy. We extract corresponding quantities 
from DNS results to evaluate its character. Table 1 shows 
the simulation conditions of DNS for flat plates. The 
incoming flows are subsonic, supersonic and hypersonic, 
respectively. As aforementioned, the values of Δsvis near 
the wall are quite different, varying about one order of 
magnitude from Ma=0.7 to Ma=6 (Fig. 2a). On the other 
hand, s exhibits a consistent behavior depicted in Fig. 2b. 
The values near the wall are all falling into the range of 
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0.1-0.5, unrelated with Mach numbers. This character is 
convenient as we always hope a model or physical 
parameter is general for various flow conditions. 
Additionally, we could also find that the range 
where s >0 is almost equal to the extent where u/U∞<1.0, 
which means that s could be used to discern the 
boundary-layer for these simple flows. 

 
a. Entropy increment profiles normal to the wall 

 
b. Comparison of entropy increment ratio and velocity profiles 

Figure 2. Entropy and entropy increment ratio profiles normal 
to the wall of different Mach numbers (DNS results) 

2.3 Process III: Entropy function fs

After the above two steps, the proposed entropy 
increment ratio s could actually denote the boundary-
layers for simple attached flows and even relatively 
complex separated flows. However, at the external flow 
region of a typical super/hypersonic flowfield, the values 
of s across shocks or free-shear layers would be in the 
same magnitude as that in the boundary-layer. To 
alleviate this inconvenience, we introduce the entropy 
function fs by 

   2
s s1.0 tanh( / )f s l� �    (10) 

where ls is the subgrid length-scale, which is designed to 
be less than 1.0 in the boundary-layer and increase 
quickly in the external flows. We construct ls following 
the spirit of RANS/LES hybrid strategy [11]. 

   s g w DES/l C d C��     (11) 

in which 3
g 3 / ( )

x y z x y z
C �     � � is the grid 

deformation ratio, κ=0.41 and CDES=0.65 are von 

Karman’s and Smagorinsky constants respectively, and Δ 
is the grid spacing defined by Δ=max(Δx, Δy, Δz). Cg is 
less than 1.0 in the anisotropy grids near the wall and 
around 1.0 in the typical LES region. The combination of 
κdw represents the Prandtl-van Driest RANS length scale, 
while CDESΔ is the LES subgrid scale employed by DES-
like methods. 

The character of entropy function fs is depicted in Fig. 
3, by redrawing Fig. 2b according to Eq. (10). Compared 
with the velocity profiles, fs could denote the boundary-
layer with the range fs<1.0 while it exhibit much 
smoother profiles than those of s . 

Figure 3. Entropy function fs profiles normal to the wall (DNS 
results) 

3 Applications  

By including more test cases, this section provides 
detailed complements to the derivation of the entropy 
function fs and evaluates its performance in complex 
flows. The governing equations describing the mean 
flowfield are the time-dependent, compressible Reynolds-
averaged Navier-Stokes equations, along with one-
equation Spalart-Allmaras turbulence model. The three 
dimensional RANS equations are solved by the finite 
volume method with structured grids and advanced in 
time by LU-SGS method. The second-order Roe scheme 
is used for the discretization of the inviscid terms, while 
the viscous terms are centrally differenced. 

3.1 Low-speed A-airfoil flow (Ma=0.15) 

As clarified in Process I, the portion of entropy increment 
caused by the wall heat flux is more prominent in low-
speed flows (Fig. 1). This case is chosen to exhibit the 
influence of wall temperature and verify the effect of σ. 

The details of inflow conditions and grid construction 
are available in [12]. The temperature of the incoming 
flow is 276.48 K and we prescribe three kinds of wall 
temperature for comparisons (Table 2). In the cold wall 
condition, the heat is transferred from the fluid to the wall 
and the total entropy increment Δs becomes negative in 
the near wall region (Fig. 4a). Comparatively, the hot 
wall heats the fluid up and Δs is much larger than that in 
the adiabatic wall condition (Fig. 4b, c).  

After removing the effect of wall heat flux by 
introducing the parameter σ, the values of entropy 
increments Δsvis fall to the same level, as can be seen in 
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Fig. 5. However, due to the large separation bubble in the 
hot wall condition, the area where Δsvis>0 seems too large 
to denote the boundary-layer. Nevertheless, with the final 
Process III, the entropy function fs could predict a proper 
boundary-layer region (Fig. 6). 

Table 2. Three kinds of wall temperature for the A-airfoil 

Wall conditions Tw (K) Tw/Tr σ 

Cold wall 100 0.36 -79.34 

Hot wall 1000 3.6 322.54 

Adiabatic wall 277.68 1 0 

 

 

 
Figure 4. Total entropy increment around the A-airfoil (caused 
by both viscosity dissipation and wall heat flux)  

 

 
Figure 5. Entropy increment around the A-airfoil (caused by 
viscosity dissipation only) 
 

 
Figure 6. Distributions of entropy function fs and the velocity 
vectors (only depict fs<0.95 for convenient)  

3.2 Supersonic cavity-ramp flow (Ma=2.92) 

This case is chosen to evaluate the performance of fs in a 
typical flowfield. The dominant feature is the supersonic 
free-shear layer, under which a large recirculation zone 
fills the whole cavity. On the ramped portion of the 
cavity, the free-shear layer reattaches to form a turbulent 
boundary-layer while a compression fan coalesces into a 
shock wave downstream of the reattachment point, 
depicted in Fig. 7. 

The detailed inflow conditions could be found in [13]. 
As the wall boundary is adiabatic, we focus on the 
entropy increments in the external flow. 

In this complex flow, entropy is not only increased in 
the boundary-layer, but in the free-shear layer, the 
recirculation and across the shocks. To alleviate these 
unfavorable interactions, the hybrid strategy is adopted 
through Process III. In general, fs could detect an 
acceptable boundary-layer region, compared with the 
velocity profiles (Fig. 8). But in the cavity where the 
large recirculation fills, the thickness of the boundary-
layer is overestimated by fs. In this area, the value of s is 
almost uniform, and then the distribution of fs is mainly 
depending on the local grid resolution according to Eq. 
(10).  

 
Figure 7. Flow structures for the cavity-ramp (Mach number 
contours) 

 
Figure 8. Distributions of fs and the velocity vectors around the 
cavity-ramp (only depict fs<0.95 for convenient) 

3.3 Hypersonic aeroplane flow (Ma=6)  

For engineering interests, the flow quantities at the edge 
of the boundary-layer, such as pressure Pe and 
temperature Te, are essential for thermal shielding design. 
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This case is served as an attempt of fs in denoting the 
boundary-layer for the engineering application. The flight 
conditions of this aeroplane configuration are 
summarized in Table 3. We clustered the grids to all solid 
surfaces and in the junctions of the body and the wings, 
ensuring the distance of the first grid line to the wall y+ is 
less than 1.0.  

As for this configuration, the flow structure is so 
complex that it is hard to find a sound principle to 
describe the boundary-layer quantitatively. We choose 
the streamwise velocity profiles as a compromise. From 
the comparisons of the three slices at different locations 
(Fig. 9), the entropy function fs seems qualified to predict 
a proper boundary-layer region.  

Table 3. Flight conditions of the aeroplane configuration 

Ma∞ H(km) α(°) Tw (K) 

6 30 0 300 
* H: flight height; α: angle of attack 

 
Figure 9. Comparison of boundary-layers denoted by velocity 
(left, only depict u/U∞ <0.95 for convenient) and fs (right, only 
depict fs<0.95 for convenient) respectively 

4 Conclusion 
(1) The entropy expression for turbulent boundary-layer 
is derived and discussed. First, in the near wall region, we 
remove the effect of wall heat flux through Walz’s 
temperature-velocity relationships. Second, the entropy 
increment ratio ( s ) is introduced with the benefit of 
Mach number independence, proved by DNS results. 
Finally, the entropy increment in the external flow is 
avoided by including the subgrid length-scale ls according 
to the hybrid strategy. Then, the entropy increment in the 
flowfield is only related with the viscosity dissipation in 
the boundary-layer. 

(2) With the above procedures, the proposed entropy 
function fs could reliably denote the boundary-layer 
region for complex flows. However, in the recirculation 
zone, the performance of fs is mainly affected by the local 
grid resolution. This defect is left for our future work. 

(3) This entropy function fs is proposed from the 
energy aspect, independent on any particular turbulent 
quantities. Although it cannot be that the absolute best 
formulation was found to denote the boundary-layer, the 
present one for fs appears simple and permanent enough 
to be recommended. 
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