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1 INTRODUCTION 

The moderate refinement of grains is an effective 
means to enhance the comprehensive properties of 
materials, and it is also the most important method to 
control the microstructure of materials, which has 
taken a lot of attentions of researchers [1, 2]. Disper-
sively distributed hard particles are usually used to 
make the grains smaller in matrix structure, due to 
their pinning force on grain boundaries to prevent the 
grain growth. 

Phase field simulations have made some progress 
for studying the effect of second phase particles on the 
microstructure evolution at present [3-7]. Moelans et al. 
[4, 5] have presented a phase field model for the first 
time to simulate polycrystalline grain growth progress 
containing small incoherent second phase particles 
and to study the pining effect on microstructure evolu-
tion. Reference [6] has investigated the effect of parti-
cles with different shapes, volume fraction and sizes 
on two-phase grain growth by phase field method. 
Reference [7] has examined the effect of mobile second 
phase particles on the kinetics of polycrystalline grain 
growth using a phase field theory. However, these 
models are not in real time and space for real alloys. 
Our recently previous work has already achieved a 
phase-field model to simulate the grain growth process 
during recrystallization of AZ31 Mg alloy in real time 
and space, and the simulated results agree well with 
the experiments [8-12] by introducing a new concept of 
grain boundary range. It is believed that the model is 
for a grain growth simulation of realistic spatiotem-
poral evolution in nano and micron scale for the first 
time. 

In this paper, we will build a phase field model to 
study the grain growth in nanocrystalline AZ31 Mg 
alloy containing second phase particles in the realistic 

spatiotemporal process, and examine the effect of 
second phase particles with different sizes on the 
nanostructure evolution and kinetics of grain growth 
for nanocrystalline AZ31 Mg alloy. The grain bound-
ary range is studied between the grains, and the time 
exponents in the kinetic equation are investigated 
during the grain growth along the annealing time. 

2 PHASE FIELD MODEL CONTAINING SEC-
OND PHASE PARTICLES 

2.1 Model fundamentals 

Phase field methods are based on thermodynamics and 
kinetics. The temporal evolution of microstructure can 
be determined by evaluating the time-dependent Al-
len-Cahn equation and Cahn-Hilliard diffusion equa-
tions as follows [13, 14]: 
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Where L and M are respectively the structural re-
laxation and chemical mobility parameters; ηp(r, t) is 
the long-rang orientation parameters and used to dis-
tinguish the different orientations of the grains; c(r, t) 
is a concentration field variable; p is the possible 
number of the grain orientations in the system, and it 
is taken as 32 as suggested in reference [15].  

F is the free energy of the system, and its expres-
sion in isotropic single-phase system is seen as fol-
lows [15]: 
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Where K2 is the gradient energy coefficient and f0 is 
the local free energy density function. 

When the position and shapes of the second phase 
particles remain unchanged in the process of evolu-
tion , the local free energy density generated by the 
second phase particles is expressed as follows[4, 5]:        
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In this paper, the boundary energy between the par-
ticles and the matrix are not considered, so Ɛ is chosen 
as 1[4, 5]. Φ is used to describe the distribution of the 
particles, when Φ=1, it means that there is a particle; 
when Φ= 0, it means that there is no particles; Φ is 
considered to be constant in time. The local free ener-
gy density of the system is described by the expression 
as follows: 
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Where cl is the concentration at the lowest point of 
the free energy curve as a function of concentration at 
a certain temperature, K1 is the coefficient of coupling 
item between ηi and ηj. 
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2.2 Grain boundary range among grains 

Magnesium alloys have caught great attentions in 
recent years for their high specific stiffness, high spe-
cific strength, low specific weight, and low pollution, 
but magnesium alloys have poor plasticity and 
strength. As we know, grain refining is a general way 
to improve both mechanical strength and ductility of 
metallic materials. Reference[16] is shown that a bulk 
nanocrystalline Al–5%Mg alloy revealed that it has 
four times the strength of a conventional Al-5083 
alloy along with good ductility (8.5% elongation). In
these simulations, AZ31 Mg alloy is chosen as the 

study material with the concentration of (in mass) w 
(Al) =3%, w (Zn) =1% with the rest of magnesium. 

Reference[15] have claimed that the sharp-interface 
models were inappropriate for describing grains with 
sizes which are close to the boundary width, and the 
diffuse-interface field models have already been pro-
posed to describe a polycrystalline microstructure by 
many orientation field variables[15,17-19]. In these mod-
els, grain boundaries are assumed to be diffuse with 
finite thickness, and its width is actually the range of 
field variables which is changed across the flat grain 
boundary. However, limited by the actual physical 
thickness of grain boundary thought as a few lattices 
parameters (for example 20Å), the parameters in the 
models were assumed as numerical values. Later, 
references [20-22] have produced an artificially diffuse 
interface at the length scale of practical interest. For 
example, increase the interface width from about 9nm 
to 36nm [21] without altering the kinetics and micro-
structure along the evolution path. However, the in-
terface width is still too small for large grains on the 
order of micrometers and long time for hours in engi-
neering scaling scope. In the phase field model of 
solidification, the interface thickness condition has 
also been discussed [23, 24], and Karma and so on have 
presented the thin-interface limit analyses, which al-
lowed the width of diffuse interface to be larger than 
about an order of magnitude of the capillary length[23].

Therefore, we proposed a new concept called “grain 
boundary range” [9, 10] to define the distance of gradi-
ent variation of the long-rang orientation parameters 
across an interface. The “interfacial width” in phase 
field simulation should be optimally chosen to satisfy 
both precision and required computational efficiency 
so that our “grain boundary range” is the same as the 
interfacial width. However, "interfacial width" has 
another different meaning in material science that it is 
the geometrical width of an interface in a scope of 3-5
atom thickness. If we take the phase field “interfacial 
width” with the size of 3-5 atoms, the phase field sim-
ulation will has no any computational efficiency. We 
suggested that the phase field interfacial width can be 
as large as up to micrometers and we suggested a new 
term of “range” instead of width for clearance. More-
over, our study [9-10] finds that the range has a physical 
concept of the region around an interface which the 
interface affects in ways of interface energy and inter-
facial element segregation. The boundary energy of a 
low angle grain boundary, for example, is chiefly 
consistent of elastic strain energy, and it is formed by 
a series of dislocations of which their effective elastic 
field is in a size up to a micrometer. The position of 
the interface defined in our model is the geometric 
center of symmetry of the grain boundary range. The 
value of grain boundary range is 1.2 μm in micro-
structures [9], it is too large for grains in nano-scales 
whose grain size is less than 1μm and the grain 
boundary range will have no physical meaning if it 
covers more than two grains. The volume fraction of 
grain boundaries increases dramatically when the 
grain size decreases[25] and reference [26] showed that 
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the nanocrystalline materials might consist of over 50% 
of geometric boundary regions (interface component) 
depending on the average grain size. Therefore, we 
suggest that the nanocrystalline materials will have a 
grain boundary range which covers up to nearly two 
whole adjacent grains as seen in Figure 1.  

Figure 1 is the variation of η across a flat boundary 
calculated by present model. It is already known from 
reference [9] that the values of ηj (j represents a certain 
orientation of the grains) varied in one grain from 1 to 
0 into another grain are gradually across the grain 
boundary range. However, the grain boundary range 
covers its two adjacent grains in nano-scale in Figure 
1, which means that the attribution of the orientation 
of a grain may be influenced not only by itself but also 
by its nearest neighbors. It is the size and the physical 
character of the boundary range that make the key 
difference in our present model for different scale 
applications. 

Figure 1.  Characteristics of grain boundary in orientation 
parameters by simulations for nanoscale model: p — grain 
boundary position; r — the grain boundary range 

Other parameters in Equation(2) in the model are 
already decided by our preliminary work for the study, 
and the research results have already been published 
in reference [12], the value of the parameters are as 
follows: cl equals 0.2, A=-25.57 kJ/mol, A1=99.14 
kJ/mol, A2=18.30kJ/mol, B1=80.33kJ/mol, B2=2321.51 
kJ/mol, K1=2090.16J/mol, K2=0.21×10-13J·m2/mol[12].

2.3 Nucleation condition 

The nucleation process of crystallization is simplified 
by a phenomenological method, and the well-defined 
microstructure is formed after a short time [20]. The 
initial state is given as the 4dx × 4dx unit grids which 
are evenly distributed in the simulated area, and the 
radius of the nucleus is a random value between 0 to 2 
grids. There are two dimensional uniform grids which 
are 512×512 in the simulations. The overall size of the 
simulation cell is 1.5 μm×1.5 μm in nanostructure 
with each grid size of 2.93 nm, the local initial com-

position is considered as 0.03. The value of the 
time-step has to be relatively small in order to obtain 
the convergence results; however, an extremely small 
value of time-step will require more steps for solving 
the kinetic equations. The values of 0.6 seconds in the 
nano-scale model for time-steps are chosen to balance 
the two factors. The boundary condition of the differ-
ential equations is defined as the periodic boundary in 
order to minimize the boundary effect on the grain 
growth kinetics. 

Considering the boundaries between the second 
phase particles and matrix are incoherent, and spheri-
cal particles are randomly introduced into the struc-
tures, the particles are shown as round in the 
two-dimensional conditions, so the total volume frac-
tion occupied by the particles is expressed as fp=2m

m+1 ×N /W×100%, where m=[r/dx]; r is the parti-
cle radius, r=d/2; d is the particles diameter; dx is the 
size of unit grid; N is the number of particles; W is the 
total number of unit grid in the simulation. When the 
volume fractions are 10% in nanostructure, the diam-
eter of particles is 30 nm, N is 438.

In the simulation, the particles with the diameters of 
10 nm, 20 nm, 30 nm, 100 nm, 200 nm, 300 nm are 
introduced into the nanocrystalline AZ31 Mg alloy. 

3 SIMULATION RESULTS 

3.1 Grain growth kinetics without the second phase 

particles 

Conventional grain coarsening in single phase poly-
crystalline materials is a migration process of grain 
boundaries; it is driven by the mean curvatures. Gen-
erally, it’s thought to obey the parabolic kinetic equa-
tion, such as Hillert’s theory [27] which predicted a
time exponent n of the highly pure materials in grain 
growth as n=2, the equation is as follows: 

0
n n

D D kt� �                             (5)  

Where t is the evolution time; D is the average grain 
size in diameter; D0 is the initial average grain size; k

is a temperature dependent rate constant. However, the 
time exponent n is often deviated from the value 2 for 
practical reasons, reference [28] showed n = 5 for the 
grain growth in nanocrystalline AZ31 Mg alloy.  

In order to check the reliability of the simulations, 
we have compared the simulated results of grain 
growth with the experimental results at different tem-
peratures as shown in Figure 2.

It is seen that the simulated results are matched well 
with the experimental data at 300°C and 350°C.
However, the simulated results are not matched very 
well with the experiments at 400°C in Figure 2, which 
may imply a different mechanism in activity energy at 
lower temperature. The grain growth is essentially 
obeyed the power law at n = 5 in Equation (5) in the 
process of grain growth. 
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Figure 2.  Simulated average grain size evolution as a function of annealing time compared with the experiments in reference
[28] for nanocrystalline AZ31 Mg alloy at different temperatures.

Figure 3. Simulated nano-strucutre with 10% of second phase particle for their diameter are respectively 10nm, 20nm, 30nm, 
100nm, 200nm and 300nm when the annealing time is t=500 min with 350 oC: (a) d=10nm, (b) d=20 nm, (c) d=30 nm, (d)
d=100 nm, (e) d=200 nm, (f) d=300 nm.
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3.2 Effect of second phase particles with different 

sizes on nano-grain growth  

Two dimensional uniform grids of 512×512 are cho-
sen in the models, and 10% of second phase particles 
are defined during nucleation in the nanostructure, the 
diameters are respectively 10 nm, 20 nm, 30 nm, 100 
nm, 200 nm and 300 nm, the simulation results at 
500min and 350oC are shown as Figure 3. 

It is shown from Figure 3 that, some particles are 
inside the grains and some particles are at the grain 
boundaries when the size of particles is 10 nm. When 
their sizes are larger, more particles are at boundaries, 
which inform that the pinning effect of larger single 
particle is stronger for moving grain boundaries. From 
Figure 3 (a), (b), (c), (d), it is seen that the grain size is 
larger with larger particles when the anealing time is 
500 min and the nanostructures contain the same 
volume fraction of particles, the phenomenon satisfies 
the law of Zener pinning. 

When the volume fraction of the particles is 10%, 
the influence of different sizes on the grain growth for 
nanostructure AZ31 Mg alloy is investigated, and the 
simulated results are shown in Figure 4: 
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Figure 4. Changes of average grain sizes along with anneal-
ing time in nanostructure AZ31 Mg alloy containing 10% of 
the second phase particles with different sizes at 350 oC 

It is shown from Figure 4 that, the average grain 
size is increased along with the annealing time. How-
ever, the average grain size is decreased with further 
decreasing particle size at the same annealing time 
because when the particles fraction are the same, the 
smaller the particles, the more the number of particles, 
and the single grain boundary may be pinned by more 
small particles, which induces greater resistance of 
grain boundary moving and slower rate of grain 
growth. It has also been seen that, when the sizes of 
particles are 200nm and 300nm, the average grain size 
in nanostructure containing particles is close to that 
without particle, which means that there is a critical 
particle size of 200 nm to affect the grain growth in 
nanostructure when the particle volume fraction is 

10%. If the particle size is smaller than 200 nm, the 
pinning effect on grain growth will be increased with 
further decreasing the particle size; if the size of parti-
cle is larger than 200 nm, the particles nearly have no 
pinning effect in the nanostructure AZ31 Mg alloy. 

According to Figure 4, the grain growth exponents
are investigated and the fitting results are shown in 
Table 1, where D is the average diameter of grains; n
is the grain growth exponents; A and B are the param-
eters in the grain growth kinetic equation D=A+Bt

1/n. 
It is seen from Table 1 that, when the particle size is 

increased from 10 nm to 300 nm, n is decreased from 
9.0 to 5.3, which means the rate of grain growth is 
increased. When the second phase particle size is 200 
nm, the parameters in the kinetic equations without 
particles or containing the second phase particles are 
much closed.  

Table 1. Parameters in grain growth kinetic equation for 
different sizes of particles when the volume fraction is 10% 
in nanostructure at 350 oC 

Particle 
size(nm)

D=A+Bt
1/n

A B n

10 1.66 32.26 9.0

20 1.66 28.93 6.7

30 1.66 25.70 5.7

100 1.66 24.26 5.3

200 1.66 22.46 4.8

300 1.66 21.28 4.6

0 1.66 23.83 5.0

4 CONCLUSION 

1. A phase field model is built to study the effect of 
second phase particles for nanocrystalline AZ31 Mg 
alloy, and the simulation results are compared with 
that without second phase particles. 

2. It is found that the time exponent n in the kinetic 
equation is 5 in nanocrystalline AZ31 Mg ally without 
the second phase particles. These findings can be 
proved by limited experimental results found in the 
literature [28].

3. Simulated results showed that there is a critical 
particle size to affect the grain growth in nanostructure. 
If the size of particles is lower than the critical value, 
the effect of pinning for grain growth will be increased 
with further decreasing the size. If the size is larger 
than the critical value, the particles nearly have no 
pinning effect. 

4. It is shown that the critical value is 200 nm when 
the content of particles is 10% in the nano-structural 
AZ31 Mg alloy. 

5. It is found from simulation that the grain growth 
exponents in kinetic equation are decreased from 9.0 
to 5.3 when the size of particles is increased from 
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10nm to 300nm in nanostructure and the volume frac-
tion of particles is 10%, the pinning effect of particles 
on the grain growth is decreased as well. 
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