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Abstract. The quasi-periodic gravitational modulation of polymerization front with solid product is studied in

this paper. The model we consider includes the heat equation, the equation for the concentration and the Navier-

Stokes equations under the Boussinesq approximation. Linear stability analysis of the problem is fulfilled and

the convective instability boundary is determined using numerical simulation. Results shown that the convective

instability threshold depends strongly on the amplitudes and on the frequencies ratio.

1 Introduction

Frontal polymerization is the process of converting
monomer to polymer via a narrow located zone, called
reaction front [1]. In this paper, we are interested in the
influence of quasi-periodic (QP) gravitational modulation
on the convective instability of polymerization front with
solid product.

The influence of periodic gravitational modulation on
the convective instability of reaction front was studied in
[2], while the effect of QP gravitational modulation on con-
vective instability of reaction fronts in porous media was
examined in [3]. In contrast to the case of a periodic modu-
lation which was extensively studied, only few works have
been devoted to study the effect of a QP vibration on the
convective instability. For instance, Boulal et al. [4] re-
ported on the effect of a QP gravitational modulation on
the stability of a heated fluid layer. It was shown that the
frequencies ratio of QP vibration strongly influences the
convective instability threshold. In [5] the influence of QP
gravitational modulation on convective instability in Hele-
Shaw cell was also analyzed. Similar study has been made
for thermal instability in horizontal Newtonian magnetic
liquid layer with non-magnetic rigid boundaries in the pres-
ence of a vertical magnetic field and a QP modulation [6].
In these works [4,6], the original problem is systematically
reduced to a QP Mathieu equation using Galerkin method
truncated to the first order. Since the Floquet theory can-
not be applied in the QP forcing case, the approach used to
obtain the marginal stability curves was based on the ap-
plication of the harmonic balance method combined Hill’s
determinants [7,8].

Recently, the influence of QP gravitational vibration
on convective instabilities of reaction fronts in porous me-
dia was investigated [3]. It was shown that the convection
instability of reaction fronts in porous media can be con-
trolled and the reaction fronts may remain stable in some
regions and for certain combinations of the amplitudes and
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the frequencies ratio of the QP vibration. This result may
have specific application arising in some physical prob-
lems, as for instance, frontal polymerization [9] or the en-
vironmental pollution [10]. It is worth noticing that QP vi-
bration may result from a simultaneous existence of a ba-
sic vibration applied to the system with a frequency σ1 and
of an additional residual vibration having a frequency σ2,
such that σ1 and σ2 are incommensurate.

While in [3] attention was focused on the problem of
reaction front propagation in porous media with liquid re-
actant and liquid product considering Darcy equation, the
present paper reports on the problem of polymerization
front with liquid reactant and solid product considering
Navier-Stokes equations.

In order to study the influence of QP gravitational mod-
ulation on convective instability of polymerization front
with solid product, we consider that the acceleration b act-
ing on the fluid is given by g + b(t), where g is the gravity
acceleration, b(t) = λ1sin(σ1t)+ λ2sin(σ2t) and λ1, λ2 and
σ1, σ2 are the amplitudes and the frequencies of the QP
vibration, respectively.

Because one cannot truncate the problem under consid-
eration to a QP Mathieu equation using Galerkin method as
well as the Floquet theory, the marginal stability curves are
obtained by using the approximately narrow zone method
(Frank-Kamenetskii method) and the matched asymptotic
expansions to obtain the interface problem to be solved by
numerical simulations.

The paper is organized as follows. We first introduce
the model in the next section, then we perform a linear
stability analysis and we analyze the interface problem in
section 3. Section 4 deals with numerical simulation and
section 5 concludes the work.

2 Reaction front model

The propagation of reaction polymerization front is
modelled by the following system of equations:

∂T
∂t
+ (v.∇)T = κΔT + qW, (1)
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∂α

∂t
+ (v.∇)α = W, (2)

∂v

∂t
+ (v.∇)v = − 1

ρ
∇p + νΔv + g(1 + λ1 sin(σ1t) (3)

+λ2 sin(σ2t))β(T − T0)γ,

div(v) = 0, (4)

with the following boundary conditions:

z → +∞, T = Ti, α = 0, and v = 0, (5)

z → −∞, T = Tb, α = 1, and v = 0, (6)

and the notation:

Δ =
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 , ∇ = (
∂

∂x
,
∂

∂y
,
∂

∂z
),

where the variables (x, y, z) are the spatial coordinates, T is
the temperature, α the concentration of the reaction prod-
uct, v the mean velocity, p the pressure, κ the coefficient
of thermal diffusivity, q the adiabatic temperature rise, ρ
an average value of density, ν the coefficient of kinematic
viscosity, γ the unit vector in the z-direction (upward), β
the coefficient of thermal expansion, g the gravitational ac-
celeration, T0 a mean value of temperature, Ti the initial
temperature and Tb = Ti + q the temperature of the burned
mixture. We suppose that the chemical reaction is one-step
of zero order. Thus, the reaction rate is of the form:

W = k(T )φ(α) φ(α) =

{
1 i f α < 1,
0 i f α = 1,

in which the temperature dependence of the reaction rate is
given by the Arrhenius Law k(T ) = k0exp(−E/R0T ) where
k0 is the pre-exponential factor, E is the activation energy
(assumed to be large) and R0 the universal gas constant.
The liquid is incompressible and we neglect the term of
diffusivity in the concentration equation such that the diffu-
sivity coefficient is very small comparing with the thermic
diffusivity coefficient.

We introduce the dimensionless spatial variables:

x1 =
xc1

κ
, y1 =

yc1

κ
, z1 =

zc1

κ
,

t1 =
tc2

1

κ
, p1 =

p

c2
1ρ
, c1 =

c√
2
,

v1 =
v

c1
, θ =

T − Tb

q
, and c2 =

2k0κR0T 2
b

qE
exp(− E

R0Tb
)

where c denotes the velocity of the propagation of the sta-
tionary front, which can be calculated asymptotically for
large Zeldovich number. For convenience, we drop the sub-
scribes in the velocity, pressure and the other variables. In
this case, the system with the boundary conditions (1)-(6)
reads:

∂θ

∂t
+ (v.∇)θ = Δθ + Z exp

(
θ

Z−1 + δθ

)
φ(α), (7)

∂α

∂t
+ (v.∇)α = Z exp(

(
θ

Z−1 + δθ

)
φ(α), (8)

∂v

∂t
+(v.∇)v = −∇p+PΔv+PR(1+λ1 sin(μ1t)+λ2 sin(μ2t))(θ+θ0)γ,

(9)

div(v) = 0, (10)

with the boundary conditions :

z → +∞, θ = −1, α = 0, and v = 0, (11)

z → −∞, θ = 0, α = 1, and v = 0. (12)

Here P =
ν

κ
is the Prandtl number, R = gβqκ2/(νc3) is the

Rayleigh number, Z = qE/R0T 2
b is the Zeldovich number,

δ = R0Tb/E, θ0 = (Tb − T0)/q, μ1 = 2κσ1/c2 and μ2 =
2κσ2/c2.

3 The interface problem

To study the problem analytically we reduce it to a
singular perturbation problem where the reaction zone is
supposed to be infinitely narrow, and the reaction term is
neglected outside of the reaction zone. This is a conven-
tional approach for combustion problems.

To obtain the interface problem, we perform a formal
asymptotic analysis with ε = Z−1 taken as a small param-
eter. The linear stability analysis leads to the following in-
terface problem:

z > ζ (liquid monomer):

∂θ

∂t
+ (v.∇)θ = Δθ, (13)

α = 0, (14)

∂v

∂t
+(v.∇)v = −∇p+PΔv+Q(1+λ1 sin(μ1t)+λ2 sin(μ2t))(θ+θ0)γ,

(15)

div(v) = 0, (16)

z < ζ (solid polymer):

∂θ

∂t
= Δθ, (17)

α = 1, (18)

v = 0. (19)

z = ζ (interface):

θ
∣∣∣ζ−0 = θ

∣∣∣ζ+0 , (20)

∂θ

∂z

∣∣∣∣∣
ζ=−0

− ∂θ
∂z

∣∣∣∣∣
ζ=+0
=

⎛⎜⎜⎜⎜⎜⎝1 +
(
∂ζ

∂x

)2

+

(
∂ζ

∂y

)2⎞⎟⎟⎟⎟⎟⎠
−1

× ∂ζ
∂t

(21)

MATEC Web of Conferences 

09001-p.2



(
∂θ

∂z

)2
∣∣∣∣∣∣∣
ζ−0

−
(
∂θ

∂z

)2
∣∣∣∣∣∣∣
ζ1+0

= −2Z

⎛⎜⎜⎜⎜⎜⎝1 +
(
∂ζ

∂x

)2

+

(
∂ζ

∂y

)2⎞⎟⎟⎟⎟⎟⎠
−1

exp
(
Zθ

∣∣∣ζ ) ,
(22)

vx = vy = vz, (23)

with the conditions at infinity:

z = −∞ : θ = 0, v = 0; (24)

z = +∞ : θ = −1, v = 0. (25)

4 Numerical results

We seek the solution of the interface problem (13)-(25)
in the form:

θ = θs + θ̃, p = ps + p̃, v = vs + ṽ

where θ̃, p̃ and ṽ are, respectively, small perturbation of
temperature, pressure and velocity.

We consider the perturbation in the form:

θ̂i = θi(z2, t) exp( j(k1x + k2y),

v̂zi = vzi(z2, t) exp( j(k1x + k2y),

ξ = ε1(t) exp( j(k1x + k2y),

where ki, i = 1, 2 are, respectively, the wave numbers (in x
and y directions).

Finally, the propagating reaction front problem will be
reduced to the following system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂w

∂t
= P(w′′ − k2w) + uw′ + PRk2θ(1 + λ1 sin(μ1t)

+λ2 sin(μ2t)),

−w = v′′ − k2v,

∂θ

∂t
= θ′′ + uθ′ − k2θ + u exp(−uz2)v,

with
z = 0, θ′ = −uθ; v = v′ = 0

and
z = L, θ = v = w = 0

Figure 1 shows the critical Rayleigh number as a func-
tion of the amplitude λ2 of vibrations for P = 10, k = 1.5,
λ1 = 5, μ1 = 5 and for different frequencies ratio. It can be
observed that as the frequencies ratio increases, the stabil-
ity of reaction front is gained, especially in certain inter-
val corresponding to small values of the amplitude λ2. The
stability region is reduced for large values of the vibration
amplitude λ2.

In Figure 2 the critical Rayleigh number versus the fre-
quency μ1 is shown for the given values P = 10, k = 1.5,
λ1 = λ2 = 5 and for different frequencies ratio. It can
be seen from this figure that in the absence of modulation
the classical result of the unmodulated case is found [2].
It is interesting to notice that the classical critical value
RC � 83 is also obtained for values of the frequency μ1
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Fig. 1. The critical Rayleigh number versus the amplitude of vi-

bration λ2 for different frequencies ratio.
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Fig. 2. The critical Rayleigh number versus the frequency of vi-

bration μ1 for different frequencies ratio.

larger than 100. Instead, in the interval of μ1 between 0
and 100 the plots depict that increasing the frequencies ra-
tion μ2

μ1
increases the stability domain of the reaction front.

Beyond μ1 � 100 the frequency ratio has no effect on the
convective instability.

5 Conclusion

In this work, we have studied the influence of the QP
vibration on the convective instability of polymerization
front with liquid reactant and solid product. For this pur-
pose, we have considered the model which includes the
heat equation, the concentration equation and the Navier-
Stokes ones under boussinesq approximation.

The Zeldovich Frank-Kamenetskii method, called also
narrow zone approximation has been used assuming the re-
action occurs in a small zone when the activation energy is
high. We have performed an asymptotic analysis to deter-
mine the interface problem and the solution has been cho-
sen as a perturbed stationary solution. The results based on
numerical integration of the reduced reaction front system
of equations show the strong dependence of the convective
instability threshold on the amplitudes and the incommen-
surate frequencies ratio.
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