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Abstract. The effect of high-frequency AC electromagnetic actuation (EMA) on the dynamic behavior of

a harmonically excited cantilever beam is analyzed in this paper. Analytical treatment based on perturbation

analysis is performed on a simplified one degree of freedom equation modelling the first bending mode of the

cantilever beam. The results show that under a certain specific condition relating the intensity of the fast AC to

the displacement, the nonlinear characteristic of the system can be controled.

1 Introduction

Electromagnetic actuators (EMAs) are simple and reliable
means of vibration excitation that are used in many indus-
trial applications where attracting forces are needed. The
generated force, proportional to the square of the current
and inversely proportional to the square of the length of
the air gap, can be exploited positively for controlling non-
rotating structure. Basically, EMAs are used in many engi-
neering applications, such as automotive start motors, elec-
tric door, hydraulic valves, power relays, and others; see
for instance [1–4].

The systems actuated by electromagnetic forces exhibit
in general complicated behavior due to the nonlinearities
generated by the force. For instance, EMA can produce
nonlinear dynamic and chaotic response [5]. In a recent
study, an active electromagnetic damping of lateral vibra-
tion of a clamped steel cantilever has been investigated in
[6].

In [7] an EMA was proposed for controlling the vibra-
tion of a cantilever beam with a tip mass and it was shown
numerically and experimentally possibilities of suppress-
ing vibration of the beam. Halmai and Lukács [8] designed
and manufactured a new linear-electromagnetic actuator
for cellular phones using metal springs. Der Hagopian and
Mahfoud [9] designed and characterized experimentally
EMA. They evaluated numerically and experimentally the
possibility of controlling a flexible beam.

In a recent work [10], the effect of EMAs on the dy-
namic of a periodically excited cantilever beam in a single
mode approximation was investigated analytically, numer-
ically and using experimental testing. It was shown that the
force induced by the EMAs introduces a softening behav-
ior into the system and causes the resonance curve to shift
left. Further, it was shown that as the intensity of the cur-
rent of the EMAs is increased, the softening characteristic
of the system increases.

The objective of this paper is to study analytically, and
numerically, the influence of EMAs on the frequency re-
sponse of an excited cantilever beam in a single mode ap-
proximation. Specifically, we analyze the effect of varying

the intensity of the current generating the EMAs force on
the dynamic behavior of the system. We perform an an-
alytical investigation on a one degree of freedom system
consisting in a nonlinear oscillator subjected to a periodic
excitation. The analytical treatment based on a perturba-
tion analysis leads to an approximation of the amplitude-
frequency response equation allowing the analysis of the
influence of EMA on the response.

2 Equation of motion and slow dynamic

The equation of motion that describes the dynamic behav-
ior of a cantilever beam in a single mode approximation
subjected to a harmonic external excitation and to electro-
magnetic forces, Fem, can be written as [10]

mδ̈ + αδ̇ + kδ = F cosωt + Fem (1)

where m is the mass, α is the damping coefficient, k is the
stiffness, F and ω are the amplitude and the frequency of
the external forcing, respectively. The EMAs are supplied
by a constant current generating a static force FDC and a
high-frequency actuation generating a fast alternative force
FAC such that

Fem = FAC + FDC (2)

where FAC =
C1i2

1

(λ−δ)2 − C1i2
2

(λ+δ)2 and FDC =
C0I2

0

(λ−δ)2 .

Here the parameters λ, C0, C1 depend on the geometrical
characteristics of the actuators and δ is the colocolized dis-
placement. The current i1 is given by i1 = I1 cos κt where
I1 and κ are, respectively, the amplitude and the frequency
of the modulated current.
Assume that during the operation the currents I1 and i2 sat-
isfy the relation

i2 =
I1(λ + δ)√

2(λ − δ) (3)

relating the intensity of the alternative current I1 and i2 to
the displacement. Under this condition, the total electro-
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magnetic force Fem reads

Fem =
C0I2

0

(λ − δ)2
+

C1I2
1

2(λ − δ)2
cos 2κt (4)

Substituting Eq. (4) into Eq. (1), we obtain the dimension-
less equation of motion

z
′′
+ cz

′
+ z = f cos νt +

a0

(1 − z)2
+

a1

(1 − z)2
cosΩτ (5)

where z = δ
λ
, c = α

mω0
, ω2

0
= k

m , ν = ω
ω0

, Ω = 2κ
ω0

, f = F
λmw2

0

,

a0 =
C0I2

0

λ3mω2
0

, a1 =
C1I2

1

2λ3mω2
0

and τ = ω0t.
The primes in Eq. (5) represent differentiation with respect
to the time τ. In the case under consideration, the vibra-
tions of the cantilever beam are assumed to have small am-
plitudes around the trivial equilibrium. In this case, it is
convenient to use Taylor series expansion of the nonlinear
terms in the r.h.s. of Eq. (5) keeping only terms up to order
three in z. Thus, the equation of motion takes the form

z
′′
+ cz

′
+ z(1 − 2a0) − 3a0z2 − 4a0z3 − a0 =

f cos ντ + a1(1 + 2z + 3z2 + 4z3) cosΩτ (6)

To derive the slow dynamic of system (6), we use the
method of direct partition of motion [12] by introducing
two different time scales, a fast time T0 = Ωτ and a slow
time T1 = τ, and we split up z(τ) into a slow part x(T1) and
a fast part φ(T0,T1) as follows

z(τ) = x(T1) + εφ(T0,T1) (7)

where x describes the slow main motions at time-scale of
oscillations and φ stands for an overlay of the fast motions.
The frequency Ω is considered as a large parameter, for
convenience. Using averaging method leads to the approx-
imate equation for the slow motion

x
′′
+ cx

′
+ Ω2

0x + βx2 − γx3 +G = f cos ντ (8)

where Ω2
0
= 1− 2a0 +

5a2
1

Ω2 , β =
15a2

1

Ω2 − 3a0, G = a2
1

Ω2 − a0 and

γ = 4a0 − 25a2
1

Ω2 .
The dimensionless force induced by the equivalent linear
and nonlinear stiffness is given by

F(x) = Ω2
0x + βx2 − γx3 +G (9)

Figure 1a shows the variation of the effective force in the
absence of DC showing that the behavior of the beam be-
comes hardening by increasing AC.
Figure 1b shows that the presence of DC and AC actua-
tions may changes the behavior of the beam from softening
to hardening by increasing the AC.

3 Frequency response of the slow dynamic

The analysis of the slow dynamic near the primary reso-
nance can be carried out using the multiple scales tech-
nique [11]. By expressing the resonance condition accord-
ing to

Ω2
0 = ν

2 + σ (10)
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Fig. 1. Variation of the dimensionless force induced by the equiv-

alent stiffness versus the displacement for Ω = 5, m = 1Kg,
K = 6.67×103N/m, C1 = C0 = 4.27×10−27Nm2A−2, λ = 1.1mm;

(a) I0 = 0A, (b) I0 = 0.4A.

where σ is the detuning from the resonance and introduc-
ing a book-keeping parameter η in the nonlinear compo-
nent, Eq. (8) reads

x
′′
+ ν2x = η[ f cos ντ− cx

′ −σx− βx2 −G]+ η2γx3 (11)

Performing the multiple scales method, we obtain the equa-
tion of amplitude and phase

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
dr
dτ
= Ar + H1 sin θ + H2 cos θ

r
dθ
dτ
= Br +Cnlr3 + H1 cos θ − H2 sin θ

(12)

The effective nonlinearity coefficient Cnl = −(
3γ
8ν
+

5β2

12ν3
) and

A = −c
2

, B = σ
2ν
− c2

8ν
− σ2

8ν3
− βG
ν3

, H1 = (
fσ
8ν3
− f

2ν
), H2 =

f c
8ν2

. By
eliminating the phase θ from the system (12), one obtains
the amplitude-frequency response equation

C2
nlr

6 + 2BCnlr4 + (A2 + B2)r2 − (H2
1 + H2

2) = 0 (13)

In Fig. 2 we plot the effective nonlinear coefficient Cnl ver-
sus I1. This curve indicates that the effective nonlinearity
vanishes and changes sign for the critical value of the AC,
I1 � 1.5A. In this case the solution of Eq. (13) is given by

r =

√
H2

1
+ H2

2

A2 + B2
(14)

Figure 3 shows the frequency-response curves, as given
by Eq. (13), for given values of the intensity I0 and the fre-
quency Ω and for different values of the intensity of the
alternating current I1.
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Fig. 2. Variation of the effective nonlinear coefficients with I1 for

Ω = 5, ν = Ω0 and I0 = 0.4A.
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Fig. 3. Amplitude-frequency response near the primary reso-

nance for Ω = 5, c = 0.005, f = 0.02; (a) I0 = 0A, (b) I0 = 0.4A.

Figure 3a shows the frequency-response curves in the ab-
sence of the DC (I0 = 0). It can be seen that in this case the
increasing of the intensity of the AC hardens the system.
Figure 3b indicates that for the critical value of the AC,
I1c � 1.5A (Cnl = 0), the system has a linear behavior. For
values of I1 < I1c (Cnl < 0) the frequency-response curve
shows a softening behavior, while for values of I1 > I1c
(Cnl > 0) the response curve indicates a hardening behav-
ior.

4 Conclusion

We have studied the effect of the intensity of a high fre-
quency AC of an EMA on the dynamic of an excited can-
tilever beam modeled by its first bending mode and pre-
sented by a single degree of freedom oscillator. Attention
was focused on the dynamic near primary resonance and
the approach was performed using perturbation analysis
to approximate the frequency response curve. The results

shown that depending on the amplitude of the alternative
current of the EMA, the frequency response of the first
bending mode of the cantilever beam can be shifted to-
wards lower or higher values of frequencies producing soft-
ening or hardening behavior in the system. This result in-
dicates that it is possible to control the nonlinear charac-
teristic of the response near the resonance by tuning the
intensity of the AC.
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