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Abstract. The effect of periodic oscillations on the interfacial instability of two immiscible fluids, confined in a
horizontal Hele-Shaw cell, is investigated. A linear stability analysis of the basic state leads to a periodic Mathieu
oscillator corresponding to the amplitude of the interface. Then, the threshold of parametric instability of the
interface is characterized by harmonic or subharmonic periodic solutions. We show that the relevant parameters
that control the interface are the Bond number, density ratio, Weber number and amplitude and frequency of
oscillations.

1 Introduction

Several works have been carried out to study the interfacial
instability of superposed layers subject to periodic oscilla-
tions both experimentally and theoretically [1–9]. Vertical
oscillations, for instance, can lead both to Faraday insta-
bility [1,2], and to suppression of Rayleigh-Taylor insta-
bility [3,4]. However, the experimental study carried out
by wolf [3] has shown that the horizontal oscillations have
also been found to suppress instabilities. Jiang et al. [5]
have considered two superposed fluid layers, with a free
surface, flowing down an inclined plane which oscillates
sinusoidally and parallely to the flow direction. They have
shown that the onset of instability, in this unstable film
flow, can be suppressed in certain parameter regions by
imparting oscillations of appropriate amplitudes and fre-
quencies to the plate. In this work, it turns out that the
manifestation of instability is enriched by variable strati-
fication of density, viscosity, and the thickness ratio of the
two layers. The Kelvin-Helmholtz instability with oscillat-
ing flow has been studied first by Kelly [6]. He has focused
his study on the stability of an interface between two super-
posed fluid layers in which the velocity fields are periodic.
He has reduced the linear stability problem to a periodic
Mathieu equation and has discovered the cases where the
oscillations stabilized the unstable shear flow. An applica-
tion of Kelly’s problem [6] has been given by Lyubimov
and Cherepanov [7]. They have studied the interfacial in-
stability of two superposed layers of inviscid fluids con-
tained in a rectangular vessel which is subject to horizontal
oscillations. The authors have analyzed the behavior of the
interface of fluid layers with comparable densities and in
a higher frequency vibrational field. They have decoupled
the fast oscillatory motion from the mean flow in the limit
of high frequencies. In this approach, two parameters have
been assumed to be asymptotically small simultaneously,
the dimensionless thickness of the viscous skin-layers and
the dimensionless amplitude of the vibration. In this lim-
iting case, only the basic instability mode associated with
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the development of the wave relief, Kelvin-Helmholtz in-
stability, on the interface remains and the possibility of
a parametric resonance description disappears. Later, an-
other study similar to that in [6,7], has been carried out
by Khenner et al. [8] who have treated the linear stabil-
ity of the interface between two superposed fluids under
horizontal oscillations. Similarly to Kelly [6], they have
found parametric resonant regions of instability associated
with the intensification of the capillary waves at the inter-
face. Recently, the linear stability analysis model carried
out by Khenner et al.[8] has been extended both theoreti-
cally [9] and experimentally [10] by Talib and Juel to in-
clude the effect of the viscosities of the fluid layers of fi-
nite depth. Talib et al. [10] have solved numerically the
linear stability problem for an exhaustive range of vibra-
tional to viscous forces ratios and viscosity contrasts. They
have shown that the viscous model allows to predict the
onset of each mode of instability particularly in the limit
of high viscosity contrast. Talib et al. [10] have charac-
terized the evolution of the neutral curves from the multi-
ple modes of the parametric-resonant instability to the sin-
gle frozen wave mode encountered in the limit of practi-
cal flows. They have found that the interface has been lin-
early unstable to a Kelvin-Helmholtz mode and successive
parametric-resonance modes. These two modes exhibit op-
posite dependencies on the viscosity contrast which have
been understood by examining the eigenmodes near the in-
terface.
In the present investigation, we consider two immiscible,
incompressible viscous liquid layers confined in a horizon-
tal Hele-Shaw cell under horizontal sinusoidal vibration.
We thus perform an inviscid linear stability analysis to de-
scribe the perturbation of the interface and we focus atten-
tion on the effect of periodic oscillations on the threshold
of the instability of the interface between two fluids.

This is an Open Access article distributed under the terms of the Creative Commons Attribution License 2.0, which permits unrestricted use,
 

distribution, 
and reproduction in any medium, provided the original work is properly cited. 

Web of Conferences
DOI: 10.1051/
C© Owned by the authors, published by EDP Sciences, 2012

,
2012/

06002 (2012)MATEC 1
matecconf 0106002

Article available at http://www.matec-conferences.org or http://dx.doi.org/10.1051/matecconf/20120106002

http://www.matec-conferences.org
http://dx.doi.org/10.1051/matecconf/20120106002


MATEC Web of Conferences

Fig. 1. Scheme arrangement of Hele-Shaw cell

2 Formulation

2.1 Governing equations

Consider two immiscible, incompressible Newtonian liq-
uid layers confined in a horizontal Hele-Shaw cell. The
heavy fluid occupies the bottom region of hight h1 and the
light one occupies the upper region of hight h2. We denote
by H = h1 + h2 the height of the cell, e the distance be-
tween the vertical walls and ε = e

H � 1 the aspect ratio
of the cell. The values z = ± e

2 and y = 0,H correspond
to the boundaries of the cell, see figure 1. Each fluid layer
is characterized by a density ρ j, a kinematic viscosity, ν j,
where the subscripts j = 1, 2 denotes the lower and the up-
per layer respectively. Suppose that the Hele-Shaw cell is
submitted to horizontal oscillatory motion according to the
law of displacement a cos(ωt) x, where a and ω designate,
respectively, the displacement amplitude and the dimen-
sional frequency of the oscillatory motion. Therefore, the
fluid layers are submitted to two volumic forces: the os-
cillatory force −ρ jaω2 cos(ωt) x and the gravitational one
ρ j g. The denser fluid is placed in the lower layer, so that
the configuration is gravitationally stable. under these as-
sumptions, the physical problem is governed by the fol-
lowing set of equations:

∇.V j = 0 ( j = 1, 2) (1)

ρ j
dV j

dt
= −∇p j + µ j∆V j + ρ jaω2 cos(ωt)x + ρ jg (2)

where p j is the hydrodynamic pressure and V j = (u j, v j)
the velocity in each fluid layer.

2.2 Base flow solutions

In the basic state, the fluid layers are separated by an in-
terface which is initially planar, horizontal and coincident
with the y = 0 plan by choice of the coordinate system.
However, to determine the basic flow we look for one-
component velocity field Vb

j (z, t) = (Ub
j (z, t),O,O), which

is periodic, parallel to the x-axis. Therefore, as in the tradi-
tional Hele-Shaw flow where the aspect ratio ε of the cell
is considered smaller than unity, a first approximation is
obtained from Eqs (1) and (2) as follows [11,12]

ρ j

∂Ub
j

∂t
= −

∂Pb
j

∂x
+ µ j

∂2Ub
j

∂z2 + ρ jaω2 cos(ωt) (3)

0 = −
∂Pb

j

∂y
− ρ jg (4)

Moreover, on the vertical walls, the no-slip boundaries con-
ditions are:

Ub
j (z, t) = 0 en z = ±

e
2

(5)

The vertical end-walls at x = 0, L in the horizontal
hele shaw cell generate a counter-flowing layers, in order
to model it, following [7], we consider the integral condi-
tion of balance of the displacement volume of both fluids
below:

∫ 0

−h1

Vb
1.x dy = −

∫ h2

0
Vb

2.x dy (6)

Equations (3)-(6) are integrated to obtain the pressure and
the velocity of the basic state

Ub
j (z, t) = F j(z) cos(ωt) + G j(z) sin(ωt) (7)

Pb
j = −ρ jgy + C j (8)

where C j is a constant and the functions F j and G j are
given by:

F1(z) = −
h2

h1

aω
ν2

(
µ1h2 + µ2h1

ρ1h2 + ρ2h1

)
(9)[

sinh(γ2η) sin(γ2(e − η)) + sinh(γ2(e − η)) sin(γ2η)
coth(γ2e) + cos(γ2e)

]

F2(z) =
aω
ν2

(
µ1h2 + µ2h1

ρ1h2 + ρ2h1

)
(10)[

sinh(γ2η) sin(γ2(e − η)) + sinh(γ2(e − η)) sin(γ2η)
coth(γ2e) + cos(γ2e)

]

G1(z) =
aωh2(ρ1 − ρ2)
ρ1h2 + ρ2h1

+
h2

h1

aω
ν2

(
µ1h2 + µ2h1

ρ1h2 + ρ2h1

)
(11)[

cosh(γ2η) cos(γ2(e − η)) + cosh(γ2(e − η)) cos(γ2η)
cosh(γ2e) + cos(γ2e)

]

G2(z) = −
aωh1(ρ1 − ρ2)
ρ1h2 + ρ2h1

−
aω
ν2

(
µ1h2 + µ2h1

ρ1h2 + ρ2h1

)
(12)[

cosh(γ2η) cos(γ2(e − η)) + cosh(γ2(e − η)) cos(γ2η)
cosh(γ2e) + cos(γ2e)

]
where γ2 = ( ω

2ν2
)

1
2 and η = z − e

2 .
The averaged components of velocity can be written as:

Ūb
j = F j cos(ωt) + G j sin(ωt) (13)

The functions F j and G j are given by:

F1 = −
h2

h1

aω
ν2Γ2

(
µ1h2 + µ2h1

ρ1h2 + ρ2h1

) [
sinh(Γ2) − sin(Γ2)
coth(Γ2) + cos(Γ2)

]
(14)
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G1 =
h2

h1

aω
ν2Γ2

(
µ1h2 + µ2h1

ρ1h2 + ρ2h1

) [
sinh(Γ2) + sin(Γ2)
cosh(Γ2) + cos(Γ2)

]
+

+aω
h2(ρ1 − ρ1)
ρ1h2 + ρ2h1

(15)

F2 =
aω
ν2Γ2

(
µ1h2 + µ2h1

ρ1h2 + ρ2h1

) [
sinh(Γ2) − sin(Γ2)
coth(Γ2) + cos(Γ2)

]
(16)

G2 = −
aω
ν2Γ2

(
µ1h2 + µ2h1

ρ1h2 + ρ2h1

) [
sinh(Γ2) + sin(Γ2)
cosh(Γ2) + cos(Γ2)

]
−

−aω
h1(ρ1 − ρ1)
ρ1h2 + ρ2h1

(17)

The parameter Γ2 =

√
ωe2

2ν2
is the frequency number. In the

limit case corresponding to Γ j −→ ∞ and ν j −→ 0, our
solution Eqn.13 transforms into the solution obtained by
khenner et al.[8] in the inviscid approximation.

2.3 Perturbation equations

We assume that the base state is disturbed so that the veloc-
ity and the pressure fields in the perturbed state are written
as the sum of the base flow variables and a small perturba-
tion

V j = V̄b
j + v j

(
u(x, y, t), v(x, y, t)

)
P j = Pb

j + p j(x, y, t)

Hence the linear system of the conservation equations is
written as

∂u j

∂x
+
∂v j

∂y
= 0 (18)

ρ j

[
∂u j

∂t
+ Ūb

j
∂u j

∂x

]
= −

∂p j

∂x
(19)

ρ j

[
∂v j

∂t
+ Ūb

j
∂v j

∂x

]
= −

∂p j

∂y
(20)

We describe the instantaneous interface as y = 0 +
ξ(x, t), where ξ(x, t) is an infinitesimal perturbation of the
horizontal interface. Hereafter, we seek the solution of the
system (18)-(20) in term of normal modes as

[p j, u j, v j] = [ p̃ j(t, y), ũ j(t, y), ṽ j(t, y)]eikx

ξ(x, t) = ξ̃(t)eikx

with i2 = −1 and k is the wave number in the x direction.
Hereafter, we consider the velocity potential φ̃ j, solutions
of the equation of continuity (18), defined by:

φ̃ j = C1
j (t)e

ky + C2
j (t)e

−ky (21)

The constants C1
j end C2

j are determined by using the non-
slip boundary conditions at the horizontal walls, v j = 0 at
y = −h1, y = h2 and the kinematics condition linearized at
the interface:

dξ̃(t)
dt

+ ikŪb
j ξ̃(t) =

∂Φ̃ j

∂y
(22)

To complete the set of equations we must provide the dy-
namic boundary condition at the interface:

(Pb
1 + p̃1) − (Pb

2 + p̃2) = σ∇.n (23)

The curvature of the interface is written in its linearized
form as ∇.n = k2ξ̃(t). The total pressure is linearized at the
interface (y = 0) as follows

(Pb
j + p̃ j) = Pb

j (0) +
∂Pb

j

∂y
|y=0 ξ̃ + p̃ j(y) (24)

Finally, with the above assumptions, Eqn (23) leads to an
parametric differential equation for the amplitude ξ̃(t) of
the interface displacement from its equilibrium position

d2ξ̃(t)
dt2 + 2ik

[
R1Ūb

1 + R2Ūb
2

]
[R1 + R2]

dξ̃
dt

+

 +
(ρ1 − ρ2)
R1 + R2

gk

+ ik
R1

dŪb
1

dt + R2
dŪb

2
dt

R1 + R2
− k2 R1(Ūb

1)2 + R2(Ūb
2)2

R1 + R2

+
σk3

R1 + R2

ξ̃(t) = 0 (25)

with R1 = ρ1 coth(kh1) and R2 = ρ2 coth(kh2). In Eqn (25).
This equation is similar to that found by Kelly [6]. It is
convenient to eliminate the term which contains the first
order derivative in ξ̃(t)Thus, we make the change of vari-
able below

ξ̃(t) = ξ̄(t) exp
−ik

∫ R1Ūb
1 + R2Ūb

2

R1 + R2
dt

 (26)

Using Eqn (26), the Eqn (25) is reduced to a nondimen-

sional form by scaling space by lc =
[

σ
g(ρ1−ρ2

] 1
2 , time by 1

ω

and velocity by aω. Hence equation (25) becomes:

d2ξ̄(t)
dt2 +

1
We

4n2Bv


[
ρŪb

1 coth(nH1) + Ūb
2 coth(nH2)

]2[
ρ coth(nH1) + coth(nH2)

]2 −

−
ρ(Ūb

1)2 coth(nH1) + (Ūb
2)2 coth(nH2)

ρ coth(nH1) + coth(nH2)

 +

+
n(1 − n2)(ρ − 1)

ρ coth(nH1) + coth(nH2)

ξ̄(t) = 0 (27)

where We = ω2lc
g

is the Weber number based on the cap-
illary length, ρ =

ρ1
ρ2

is the density ratio, n = klc and

H j =
h j

lc
are dimensionless layer height. We also introduce
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the Bond number, Bv, the dimensionless parameter charac-
terizing the vibration intensity

Bv =
a2ω2

4

(
ρ1 − ρ2

gσ

) 1
2

Using the change of variable t = 2τ, the governing equa-
tion (27) is then approximated by the following equation

d2ξ̄(τ)
dτ2 +

[
δ + β sin(τ) + γ cos(τ)

]
ξ̄(τ) = 0 (28)

which is a Mathieu equation similar to that obtained by
Khenner[8] in the inviscid case without terms related to
the viscosity. The coefficients of such equation are

δ =
n(1 − n2)(ρ − 1)

4Weα
+

n2Bv
2αWe

ρ coth(nH1)
[
ρ

α
coth(nH1) − 1

]
(F

2
1 + G

2
1) + coth(nH2)

[
ρ

α
coth(nH2) − 1

]
(F

2
2 + G

2
2) +

+
2ρ
α

coth(nH1) coth(nH2)(F1F2 + G1G2)



β =
n2Bv
αWe

ρ coth(nH1)
[
ρ

α
coth(nH1) − 1

]
F1G1

+ coth(nH2)
[
ρ

α
coth(nH2) − 1

]
F2G2 +

+
ρ

α
coth(nH1) coth(nH2)(F1G2 + F2G1)



γ =
n2Bv

2αWe

ρ coth(nH1)
[
ρ

α
coth(nH1) − 1

]
(F

2
1 −G

2
1)

+ coth(nH2)
[
ρ

α
coth(nH2) − 1

]
(F

2
2 −G

2
2) +

+
2ρ
α

coth(nH1) coth(nH2)(F1F2 −G1G2)


and

α = ρ coth(nH1) + coth(nH2)

The equation (28) is solved using the Floquet theory. Ac-
cording to this approach, the solutions of (28) can be ex-
pressed in the form

(ξ̄)2π =

+∞∑
−∞

aneinτ Harmonic solutions (29)

(ξ̄)4π =

+∞∑
−∞

anei(n+1/2)τ Subharmonic solutions (30)

The substitution of expression (29) in equation (28) leads
to the Hill determinant which corresponds to the marginal
stability curves Bv(n). This determinant can be written for-
mally in the form [13]

f (We, n, Bv, ρ, ν, Γ2,H1,H2) = 0 (31)

3 Discussion

The Mathieu equation (28) has periodic solutions which
can identify regions of instability. The interface can be sta-
bilized or destabilized depending on the frequency and the
amplitude of oscillations and on other physical parameters
involved in the problem. it is known that the horizontal os-
cillations lead to the Kelvin-Helmholtz instability which is
a result of the periodic changes of the velocity, and succes-
sive parametric-resonance modes. In this work, we mainly
focus on the analysis of the effect of viscosity difference
between the two fluids on the onset of each mode of in-
stability. The large friction at the vertical walls contributs
to decrease the inertial effect and quite the same situation
takes place in the case of a porous medium when the Darcy
low is assumed for the resistance force. These observations
will be clarified, on the one hand, by considering fluids of
unequal viscosities and on the other hand, by comparison
with a model of Lyubimov et al. [7] in the large frequencies
and Khenner et al. [8] in the limit of inviscid fluids.

4 Conclusion

In this study, we have performed a linear stability analysis
of the behavior of an interface between two viscous im-
miscible fluids of different densities confined in a horizon-
tal Hele-Shaw cell under horizontal periodic oscillations.
The linear problem has been reduced to a periodic Math-
ieu equation governing the evolution of the amplitude of
the interface. This preliminary study will allow us then to
determine the stable and unstable regions and modes tak-
ing into account the different physical parameters of the
problem.
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